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Abstract

Igarashi and Kobayashi have proposed a general type system for checking whether resources
such as files and memory are accessed in a valid manner. Their type system is, however, for call-
by-value A-calculus with resource primitives, and does not deal with non-functional primitives such
as exceptions and pointers. We extend their type system to deal with exception primitives and
prove soundness of the type system. Dealing with exception primitives is especially important in
practice, since many resource access primitives may raise exceptions. The extension is non-trivial:
While Igarashi and Kobayashi’s type system is based on linear types, our new type system is a
combination of linear types and effect systems. We also report on a prototype analyzer based on
the new type system.

1 Introduction

Background There has recently been growing interest in methods for verifying that resources (such as
files, memories or network channels) used in a program are accessed in a valid manner [1, 3,8, 10, 23, 25].
For example, Tofte et al.’s type system [23] can ensure that certain memories are not accessed after their
deallocation and Freund and Mitchell’s type system [8] can ensure that objects are used only after their
initialization is finished. Igarashi and Kobayashi [10] have coined the term “resource usage analysis”
for such general verification problems and proposed a type-based method for resource usage analysis for
call-by-value A-calculus with resource primitives.

The idea of their type system is to augment types of resources with information about in which order
resources are accessed. For example, the type of read-only files is given by (File, R*;C) and the type
of read-write files is given by (File, (R + W)*; C), where the order of operations on files is represented
by regular expressions (the concatenation is given by ’;’) with R, W and C' as labels for read, write and
close operations, respectively (in their type system, actually, a more expressive language called usage
expressions is used to represent the access order).

Typing rules are designed by taking the evaluation order into account. For example, the usual typing
rule for let expressions:

I'-M: o I'Nz:01FN:oo
I'Flet t =M in N : 0y

is replaced by:

I'EM:o; Ax:01FN:og
ITArFlet x =M in N : 09




Here, I'; A denotes the type environment obtained by composing the usage expression of I' and A by ;.
For example, if I' = z : (File, R*), which intuitively means the resource z is read several times during
the evaluation of M, and if A = z: (File, C'), which means z is closed (once) during the evaluation of
N, then T'; A = x : (File, R*; C'), which means z is read several times and then closed. The new typing
rule reflects the fact that M is evaluated first and then N is in let © = M in N.

In this way, their type system can keep track of the order of accesses to resources. However, the
target language is pure call-by-value A-calculus only with resource primitives. So, it is not clear that
the method can be extended to practical programming languages, which are usually equipped with
non-functional primitives such as exceptions and references.

Our Contributions In this paper, we extend their type system to deal with exception primitives. This
extension is very important in practice because access primitives in practical programming languages
may raise exceptions such as End_of File. Our technical contributions are summarized as follows:

e Design and formalization of a type system for resource usage analysis for a functional language
with an exception handling mechanism;

e Proof of soundness of the type system;
e Development of a type reconstruction algorithm; and
e Implementation of a prototype resource usage analyzer.

Although the exception mechanism here is much simpler than that of ML or Java (there is only one
exception constructor, which does not carry values), the extension is already non-trivial. While the
type system of Igarashi and Kobayashi [10] is based on linear types, our new type system is based on a
combination of linear type and effect systems [21,22]. In fact, even for the problem of just checking that
certain values are used only once (which can be considered an instance of the resource usage analysis
problem), previous linear type systems [10, 13,16, 24] are insufficient; For example, they cannot judge
that « is used once in the following program (suppose that use is a function that uses its argument just
once):

let f () = use x
in try (if b then f() else raise E)
with E -> use x

Key Ideas in the Type System As mentioned above, we extend Igarashi and Kobayashi’s type
system to deal with exception primitives, in particular, we add the new terms raise and try M; with M.
Here, raise raise an exception and try M; with M, evaluates a term M; and then evaluates Ms if an
exception is raised during the evaluation of M;. So, we must analyze in which order each resource is
accessed even in situations that an exception is raised and uncaught or the exception is caught by an
exception handler and the evaluation of the hander code proceeds.

First, we keep track of information on exceptions, as well as that on access sequences, by usage
expressions. For this purpose, we extend usage expressions by introducing the special label £ and the
constructor ;. E means that a resource is not accessed any more because an exception is raised; for
example, the usage R; E means a resource is first read and then an exception is raised. The usage
Ui;g Us, which corresponds to exception handling, means that a resource is used according to U; and
if an exception is raised, then it is used according to Us. Thus, for example, the usage (R; F);g C is
equivalent to R;C.

In order to deal with new exception primitives, it may seem enough to add the following simple
typing rules using the new usage expressions to Igarashi and Kobayashi’s type system:



Use(t;) = E for eachi € {1,--- ,n}

T1:Tly...,&pn Ty - raise:

(T-RAISE-SIMPLE)

'EM 7 AFMy:T dom(T') = dom(A)
g AF try My with My : 7

(T-TRY-SIMPLE)

Here, the premis part of the first rule states that if 7; is resouce type, then the usage of type 7; is E,
which means an exception is raised and I'; g A in the conclution part of the second rule denotes the type
environment obtained by composing the usage expression of I' and A by ‘;g’. The first rule says that,
during the evaluation of the term raise, any resouce is never accessed but an exception is raised and
the secont rule says that, during evaluation of try M; with M, each resource is accessed according
to I' during the evaluation of M, and, if an exception is raised, is accessed according to A during the
evaluation of Ms.
Now, for example, try (read(x);raise) with E -> close(x) is typed as follows:

x : (File, R) I read(x) : bool
- x : (File, E) F raise : bool
~ z: (File, R; F) I- read(x); raise : bool

II z:(File,C) | close(z) : bool

try read(x);raise
with E -> close(x)

z: (File,(R;E); C) F : bool.

Notice that ;g corresponds to the use of try. The type judgment above tells us that, during the
evaluation of M, the file z is first read and then closed. (Here, we assume access primitives themselves
do not raise exceptions; we can model access primitives that may raise exceptions by combining them
with conditional expressions.)

Unfortunately, using only usage expressions is not sufficient to obtain the accuracy required for
practical programs using exceptions (so, the typing rules (T-RAISE-SIMPLE), (T-TRY-SIMPLE) is not
sufficient). The problem stems from the fact that Igarashi and Kobayashi’s type system does not give
very accurate usage information when resources are put in function closures. For example, let us concider
the followings:

MT'C
MTCC

let f = \y.close(x)in (read(x);f())
let f = A\y.raise in (try read(x);f() with close(x)).

[I> e

Here, the typing rules for lambda-abstraction terms in Igarashi and Kobayashi’s type system is given as
follows:

Te:mEM:n
OI' Xz M : 11 — 5.

(T-ABS-IK)

The intuitive meanigs of OI' in the conclusion part of the rule (T-ABs-IK) is that accesses according
to I' are encapsulated in the body of a function and may be delayed (until the function is called).

So, using this typing rule (T-ABs-IK), the usage of resource z in the term M, is given as OC; R.
As mentioned above , the usage ¢C roughly means that the close operation represented by C' may be
delayed. As a result the usage (¢C); R can mean either R; C or C; R, which means the resource x may
be read after closed.

Similarly, using this typing rules (T-ABs-IK), (T-RAISE-SIMPLE) and (T-TRY-SIMPLE), the term
M,cc is typed under the type environment z : (R, (OE); (R;g C)), which can mean that the resouce z
is accessed according to either F; (R;g C) (equivalent to E), (F; R);g C (equivalent to C), (R; E);g C



(equivalent to R; C) or (R;g C); E (equivalent to R; E'). The first usage expression says that the resouce
is never accessed, the second ~ forth says that the resouce is just closed, read and then closed, just
read respectively. We therefore cannot know almost in what order and by what kind of operations the
resource x is accessed in term M,.q..

As is shown in the above example M,.., the inaccurate usage problem goes for only the exception
but also for other operations to access resources [14]. However the timing of exception raising have a
big influence on the control of evaluation and on the usage of all resources in the context as shown in
above example M,.... Note that we get the inaccurate information about usage of resouce x even though
the function Ay.raise does not include = as a free variable. So, this problem of inaccuracy due to an
exception will be very serious.

To solve this problem, we exploit the idea of effect systems [21,22] to keep track of more accurate
information on when exceptions are raised. As a result, a type judgment becomes of the form:

|k M:o,

which means that, during the evaluation of M, each resource is accessed according to (usages in) I' and
exceptions are raised according to effect . Under the type judement, the new typing rule for functions
is given by:
Tox:oy||leF M : o9
O(C\ E)||0F Ax.M : (01\ E) % 0y

In the above rule, (T'\ E), (o1\ F) denotes the type environment, type obtained by deleting the informa-
tion about exception raising (namely, usage expression E) form I', 0. This rule states that if an exception
is raised according to ¢ during the evaluation of function body M, then the effect ¢ is expressed as the
latent effect of the function Az.M and that the information about exception raising is deleted from type
environment I and type of function’s argument ¢y because the information is expressed as latent effect
in the type of functions. For example, using the new typing rule (and others introduced in this papar)
the usage of resource z in the above term M,... is given as (R; E);g C as expected.

Rest of This Paper In Section 2, we introduce our target language formally. In Section 3, we present
our type system for resource usage analysis. Section 4 shows the correctness of the type system. Section 5
describes a type inference algorithm. Section 6 reports on implementation and experiments. We discuss
other possible methods for dealing with the exception mechanism in Section 7. After discussing related
work in Section 8, we conclude in Section 9.

R
2 Target Language A}

This section introduces the target language )\S of our analysis. )\S is a call-by-value A-calculus extended
with resources and exceptions.

We assume a finite set A of access-labels, ranged over by a. An access label denotes the kind of
access to a resource; We shall use access labels I, R,W and C for initialization, read, write, and close
operations respectively.

A trace is a sequence consisting of access labels and the special label |. Formally, the set A*! of
traces is defined by:

A= AU {s | |s € A"}

Here, A* is the set of finite sequences of elements of A. The additional symbol | expresses that the
evaluation terminates normally or abruptly with an exception.

A trace expresses how a resource has been accessed at a certain point of the execution of a program.
A trace ajas .. .a, means that the resource is accessed by each operation a; in the order aq,aso, ..., ak.



A trace ajas ... ax | means that the evaluation has terminated after the resource is accessed in the order
ai,as,...,a. For example, a trace RRC' | means that the resource has been read twice, closed, and
then the evaluation has terminated.

A trace set is a set of traces that is closed under the prefix operation. We write S# for the set of
prefixes of elements of S. A set S of traces is called a trace set if S* = S. We use the metavariable ®
for a trace set.

Consider a regular expression (RW |), then (RW |)# = {e, R, RW,RW |} is a trace set. We can
consider a trace set ® as a specification of each resource, which requires the resource is accessed only
according to a trace in the set ®.

Example 2.1 Let us consider the trace set ® = (IR*C |)# and program: init(x);read(z);close(x).
The program initializes, reads and closes the resource x. This program satisfies the specification ®. On
the other hand, neither read(z); close(z) nor init(z); read(x) satisfies @, since the resource x can be
accessed according to RC' | or IR | but neither trace is contained in ®. The meaning of | is a little
tricky; Let us consider the program:

init(z);read(x); loop_infinitely. It initializes and reads the resource z, and then goes into an infinite
loop. This program does satisfy the specification ®. Actually, the resource z is accessed according to a
trace in the set {IR}# C ®. O

Definition 2.2 (Terms, Values)

M (terms) == wv | MiMs |let x = M; in M | if M; then M else M;
| new?®() | acc*(M) | M1#} | try M; with M, | raise
v (values) = true | false | z | fun(f,z, M)

The first line shows standard constructs for the A-calculus. fun(f,z, M) is a recursive function (which
is often defined by f(z) = M). We write Ax.M when f is not free in M. The primitives for resources are
the same as those of A [10]: new?() is the primitive for creating a resource. The trace set ® specifies
how the resource should be accessed afterwards. In this paper, we often use a regular expression to
specify a trace set. acc®(M) is the primitive for accessing the resource M with an operation specified
by a. We assume that the resource access primitive returns a boolean. M*1*} is the same as M, except
that the evaluation gets stuck if the resource bound to x escapes from M. The escape information is used
to refine the accuracy of the analysis. A separate escape analysis is assumed, which checks that x does
not escape from M in M=} The term try M, with Ms first evaluates M;. If an exception is raised,
then Ms is evaluated; Otherwise, the value of M is returned. The term raise raises an exception. For
the sake of simplicity, we consider a single kind of exception, so raise takes no argument.
We write My; My for let x = M, in M, if variable x is not free in Ms.

Example 2.3 Consider the following terms:

[l>

M, = if init(z){*} then (write(z){*}; close(z){*}) else raise
M, £ try M; with close(z){®}
M £ let z = new!!W)"CDF () in My

M, first initializes x. If the initialization returns true, then it writes and closes x; otherwise an exception
is raised. The term M5 closes x when an exception is raised by M;. Therefore, the resource x is closed
no matter whether init(z) returns true or false. The term M creates a resource x and evaluates M.
The trace set (I(W)*C |)# specifies that x should be first initialized, that it can be written an arbitrary
number of times after that, and that it must be closed once before the program terminates. The term
M> obeys that specification, so that M should be accepted as a good program. O

Example 2.4 The following is a fragment of a typical OCaml program accessing files.



try while (true)
do write_char(y,read char(x)) done
with End_of File -> close(x);close(y)

It copies a character from x to y until the end-of-file exception is raised, when the exception handler
is executed and x and y are closed.

The above program can be modeled in our language as the following term M.
M £ try fun(f, z, My)true with (close(z); close(y))

Here, M; is
(if read(x) then true else raise); write(y); f true

Note that the library function call read_char(x), which may raise an exception, has been modeled by
if read(x) then true else raise. O

2.1 Operational semantics of \®

An operational semantics of )\E is given by reduction of pairs of a term and a heap, used to record the
states of resources.

Definition 2.1 (Heap) A heap H is a finite mapping from variables to trace sets.

We write {z1 — ®@1,...,2, — ®,} (n > 0) for the heap H such that dom(H) = {z1,...,2,} and
H(z;) = ®;. It expresses that each variable z; refers to a resource that should be used according to
one of the traces of ®;. When dom(H;) N dom(Hs) = 0, we write Hy W Hy for the heap H such that
dom(H) = dom(H;) U dom(Hz) and H(z) = H;(x) for x in dom(H;).

The reduction relation is given using evaluation contexts, defined below.

Definition 2.2 (Evaluation Contgcts) Evaluation contexts, ranged over by £, and evaluation con-
texts without try, ranged over by £Y, are defined by the following syntaz:

E u= []|if £ then My else My |E M |v €
| let x =& in M | €17} | acc?(€) | try € with M

EMY = []|if E"Y then M, else My | EY M | v 7Y

| let z =&Y in M | Eﬂ{x} | acc®(EFY)

€ is an ordinary call-by-value evaluation context; €Y is one without exception handlers and used
to identify an innermost exception handler. We write £E[M] and E"Y[M] for the expressions obtained
by replacing | | in € and £Y respectively with M.

We write [M;/x1,..., M,/x,] for the capture-avoiding simultaneous substitution of M; for z; and
&~ for {s | as € ®}. FV(M) denotes the set of free variables in M.

Definition 2.3 (Reduction Relation) The relation (H, M) ~» P, where P is either a pair (H',M’)
or Error, is defined as the least relation closed under the rules in Figure 1. We write ~* for the
reflexive and transitive closure of ~».

The rule R-NEW is for fresh resource allocation. The rules R-Acc and R-ACCERR express an access
to a resource. The rule R-Acc is for successful resource access: the trace set ®~¢ after the access is
obtained by removing the label a at the head of a trace (if the trace begins with a; the traces not
beginning with a are discarded). If no trace begins with a (i.e., ®~% = ()), then the resource access
results in an Error. We do not care about the result of resource access here, it is left unspecified which
boolean values are returned in R-Acc, so reduction ~» is nondeterministic. The rule R-TRYRATI is for
exception handling. A term of the form try £'"¥[raise] with M represents the execution state in which
an exception is being raised and the innermost handler is M, and so reduces to M.



z fresh

(I, Elnew™ () — (H & {z 8}, €3] (RN
b = true or false D £

(H & {z — o}, E[acc™(2)]) ~ (H W {z — D}, E[b)) (R-Acc)

pa =
(H W {z — @}, EJacc*(z)]) ~ Error (R-AcCERR)
(H, E[fun(f,z, M) v]) ~ (H,E[[fun(f,z, M)/ f,v/z]M]) (R-APP)
(H,E[if true then M else My)) ~ (H,E[M)) (R-IFT)
(H, EJif false then M; else Ms]) ~ (H,E[Ms3)) (R-IFF)

x € FV(v)

(H.EWCT) ~ (H.20) (-G
(H,E[try v with M]) ~ (H,E[v]) (R-TRY)
(H, Eltry EFY[raise] with M]) ~ (H,E[M]) (R-TrYRAI)

Figure 1: Operational semantics of )\E

3 Type System

In this section, we present a type system to guarantee that all accesses to resources in a well-typed term
obey the specification (given by the trace set ® attached to each resource creation new?®()).

3.1 Usages

Usage expressions (in short, usages) describe in which order and by which operations a resource can be
accessed. As mentioned above, we express information about exceptions also with usages. We therefore
add new constructors E and U; ;5 Uz to the usages given in [10].

Syntax of Usages.

Let the set L of labels, ranged over by [, be AU{L, 7, F}. The label 1 is a special label used to count the
number of function applications; the labels 7 and E denote exception handling (which is an unobservable,
internal action, hence 7) and a raised exception, respectively.

Definition 3.1 (Usages) The set U of usages, ranged over by U, is defined by:
U 1= 0 | l | « | Uy; Uy | U ® Us ‘ U,1&Uy | QU ‘ ‘U|MC¥U| Ui, Us

We assume that the unary usage constructors <& and 4 bind tighter than the binary constructors (&, ;, ®
and ;g ).



We briefly explain informal meaning of usage constructors; see also Igarashi and Kobayashi [10].
The usage 0 means that a resource cannot be accessed at all. The usage | € £ means that a resource
is accessed by an access primitive labeled with [ (if I € A), or that an event corresponding to [ occurs:
especially, £ € £ means that a resource is not accessed later due to a raise of an exception. « is the
usage variable, bound in the form of pa.U, which denotes a recursive usage that satisfies o = U. Uy;Us
means that a resource is first accessed according to U; and then according to Us. U; ® U means that
a resource is accessed according to a sequence obtained by interleaving Uy and Us. U;&Us means that
a resource is accessed according to either Uy or Us. Up;g Uz means a resource is accessed according to
Uy and, if an exception is raised during the execution, then the resource is accessed according to Us.
For example, ((R&E); W);g C is equivalent to (R; W)&C. OU means that some of the resource access
expressed by U may be delayed. For example, ($ly); s expresses access order either lq;1y or lo;l;. U,
which cancels ¢, means that the access represented by U must occur now. So, (#CU;); Us is equivalent
to Ul; UQ.

Example 3.1 The accesses to z in My of Example 2.3 is expressed by the usage I; (W;C)&E);g C.
Similarly, the accesses to x in M of Example 2.4 is expressed by the usage pa.(R; (0&E); a);g C.

In what follows, we write U\ F for U;g 0, which cancels exceptions in U. For example, ((I1;l2) ® E)\ F
is equivalent to 0&I1&(l1;12).
Semantics of Usages and Subusage Relation.

We give the formal semantics of usages via a labeled transition system. Then, we define the subusage
relation U; < Us, which means that the access order U; is more general than Us.

We define the transition relation of the form U —— U’ , which means that a resource of usage U can
be first accessed by [ and then accessed according to U’. In this paper, the transition relation is defined
in a manner similar to the one for process calculi.

Definition 3.2 Let C7 be evaluation usage contexts defined by the following syntaz:
cT w=[]|ocT | & |CToU | CTU | CT iR U

The binary relation U =< U’ on usages are the least preorder that satisfies the rules in Figure 2 and
preserved by all evaluation usage contexts, where U = U’ means U XU’ and U’ <X U.

For example, (OU1&Us); Uz < OU; ® Us holds.

S0=0 40=0
oxU=U 0;U=U U;0=U 0;gpU=0
U1®UQEU2®U1 Ul&UQEUQ&Ul
<>U1®<>UQE<>(U1®U2) OUl;EUQjO(Ul;EUQ)
QU Uy = OU @ Uy
U1&Us Uy paU = [paU/a)U

Figure 2: Structual preorder rules on usages
Now, we give the transition rules on usages.

Definition 3.3 (Transition Relation on Usages) The transition relation U U on usages is the

least relation closed under the rules in Figure 3. The multi-step transition relation U N U’, where



te (AU{l,7})*, is defined inductively as follows.

tdef{j th:E
—_— = l ’

b ift=1t

U U

1 -1 0 (UR-LaB) l (UR-Box) ——————
oU - o o L eU

(UR-UBOX)

U, -5 U
Uy Uy = UL Uy

U, -5 U
U @Us -5 Ul U,

(UR-PAR) (UR-SEQ)

U, - Ul 1£E (UR-S2QE) U, Zou
Ui;eUs N Ul;e Us

= (UR-HDLR)
1,6 Uz — Us

U =U, U LU, UL=Uy
U, - Us

(UR-PcoN)

Figure 3: Usage transition rules

Example 3.2 Usage R; (C&E);g C has the following transition sequences:

(R; (C&E));pC & (C&E)zC - 0
(R; (C&E))ipC & (C&E)zC = -5 0

By using the labeled transition system, we define the trace set expressed by a usage.

Definition 3.4 Let U be a usage. The trace set [U] is defined by

[U] = {{|3U.U-5U)}
Ut | U-So0 u{i] | 0. -5 o))

Here, t € A* is the label sequence obtained by removing all the occurrences of T from t.

Example 3.3 [ua.a] = {e}, [0] = {¢, |}, [Oli;l2] = {lLil2 |, laly [}, [#O0;12] = {lil |}, [(R&E); C] =
{RC |}#, and [((R&E); C);r C] = {RC |, C |}*.

We write U; = U, when U; —5 Uy, (where 7---7 is a possibly empty sequence of 7). We also

write == for ==

The subusage relation U; < U, is defined as a weak simulation relation closed under usage contexts.
A wusage context, written C, is an expression obtained from a usage by replacing one occurrence of a free
usage variable with []. Suppose that the set of free usage variables in U are disjoint from the set of
bound usage variables in C. We write C[U] for the usage obtained by replacing [] with U. For example,
if C = pa.([]; @), then C[U] = pa.(U ; «).

Definition 3.5 (Subusage relation) U; < U, is the largest relation that satisfies the following con-
ditions:



(1) ClU1] < C[U3] for any usage context C,
(2) If Uy R Uy and 1l € AU{1}, then Uy =L U and U] < U} for some Uj,
(3) If Uy = U}, then Uy = U} and U, < U} for some U,
(4) If Uy == 0, then U; = 0, and
(5) If Uy £, Uj, then Uy £, U for some Uj.
We write Uy =2 U, if Uy < U and Uy < Uj.
Example 3.4 E;5 C = C and (C&E)\ F = C&0 hold.

Note that, if Uy < Us, then [C[U1]] 2 [C[Us]] for any C—in particular, [U;] 2 [Uz]. Moreover,
U < pa.a and QU < U hold for any usage U. Uy = Uy implies U; < Us and Uy = U, implies Uy = Us.

3.2 Effects and Types

We proceed to the definitions of effects and types.

An effect expresses the termination behavior of an evaluation. Intuitively, the effect 0 means that
evaluation can terminate normally; £ that evaluation can abort with an exception; E* that evaluation
can terminate normally or abort; and, finally, T that evaluation cannot terminate.

Definition 3.6 (Effects and Subeffect Relation) The set of effects, ranged over by p, is {E*,0, E, T}.
The subeffect relation T is the partial order given by E'COCTand E'CELCT.

Note that non-termination is denoted by T, which is the greatest element of the order C, as opposed
to the common practice in denotational semantics, where non-termination denotes the least element.
Viewing effects as the set of termination capabilities that a program can exercise, we define the order
so that lower elements have more capabilities, similarly to the subusage relation.

Effects can be considered usages that do not include access labels. We write (¢)"#¢ for the usage
corresponding to ¢, defined by:

(ENYse = 0&E  (0)*** =0 (E)***=FE (T)"°= po.o.
We define some operations on effects, which correspond to usage constructors of the same symbols.

Definition 3.7 (Operations on effects) The operations on effects p10pys are defined (where op is
either ;, &,® or ;g) by the following tables (the leftmost columns correspond to @1 and the topmost rows
p2)

c ET o E T & |EY o E T
ET| ET E° E E ET | ET E° ET E¥
o|E o E T 0o |E" o E* o0
E|E E E E E | E' E' E E
T|T T T T TI|E o E T
® |EY 0 E T 5 | B 0 E T
E°E° E° E E ET|TE” 0o E” 0
o|E" o E T 0 0O 0 0 O
E|FE E E E E|E" 0o E T
T|E T E T T T T T T

Example 3.5 F;0 = E and F&0 = E? and E*;50 = 0.
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Definition 3.8 (Types) The set of types, ranged over by o, is given by the following syntaz:

o == bool | (6, % 6,U) | (R,U)
§ == bool | (6, % 6, Up) | (R, )

Here, Uy ranges over the set of usages that satisfy Uy = Up\ E.

bool is the type of boolean values. (8; < 8y, U) is the type of functions that take a value of type
01 as an argument and return a value of type d2 and that, during the execution of the body, may raise
an exception according to ¢. U describes how a function is accessed (i.e., called). (R, U) is the type of
resources that are accessed according to U.

For example, a function of the type (R, ((R&0); C))E—> bool, 1;1) takes a resource as an argument,
closes the resource after a possible read, and may raise an exception during the function call. Moreover,
the usage 1; 1 states that the function is called twice.

We write the (outermost) usage of o under effect ¢ by: Use,(bool) = (¢)**¢, Use,((o1 ~= 02,U)) =
U and
Use,(R,U)) =U.

The subusage relation defined in Section 3.1 is extended to the subtype relation o7 < o5 below. It
means that a value of type o1 may be used as a value of type os.

Definition 3.9 (Subtype relation) oy < oy is the least relation closed under the following rules:

UsU' ¢'Ce _usu
(01 % 02,U) < (o1 i’>02,U/) (R,U) < (R,U")

bool < bool

3.3 Type Judgment

A type judgment is of the form ' || o = M : §, read “term M is given type ¢ under type environment I’
and effect ¢” where I' is a finite mapping from variables to types. The intended meaning of I" || ¢ - M : §
is that (1) the term M is evaluated to a value of type 4, if the evaluation terminates, and (2) during the
evaluation, each free variable z in M are used according to type I'(z) and an exception may be raised
according to effect ¢. The meaning of the judgment is tricky when < appears in I" [10]: If a usage in I'(z)
is guarded by <, the access represented by the usage may be postponed until the value of M is used;
otherwise the access cannot be postponed. For example, z: (R, R; C) || 0 - read(z); close(x) : bool and
z:(R, R;OC) || 0 F read(z); z : (R, C) are valid judgments, while z: (R, R; C) || 0 - read(z);z : (R,C)
is invalid. (Actually, read(z) and close(z) must be annotated with -{*} in our type system.)

We write () for the empty type environment, and when x ¢ dom(T'), we write T,z : o for the type
environment A such that dom(A) = dom(T") U {z}, A(z) = 0 and A(y) =T'(y) for y € dom(T).

The type judgment relation will be defined by using typing rules. We first give a few auxiliary
definitions used in the typing rules.

Definition 3.10 Let C be a usage context. Suppose that the set of free usage variables in o or I' is
disjoint from the set of bound usage variables in C. We define C[o| and C[I'] by:

C[bool] = bool C[(R,U)] = (R,C[U))
Cl(o1 % 03,U)] = (01 5 03,C[U])

dom(C[T')) = dom(T') C[T'|(z) = C[['(x)]

11
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Definition 3.11 Let op be a binary usage constructor 4’ , ‘&’ or S . o10poq is defined as follows:

bool op bool = Dbool
(01 5 02,U1) op (015 09,Up) = (01> 02,Uiopls)
(]3,7 Ul) op (R, UQ) = (R, U10pU2)

Let Ty and T'g be type environments with the same domain (dom(T'1) = dom(T'2)). Then, T'yopl'y is
defined as follows:
dom(T'yoply) = dom(T1)(= dom(T5))
(FlopFQ)(x) = Fl(I)OpFQ(I)

For example, the type environment I'y; T's states that the value stored in each variable x € dom(T'1)(=
dom(T3)) should be first used according to T'y (z) and then should be used according to I's(x).
We also define the type environment ¢,I" as follows:

o — r if x ¢ dom(T)
T Mz (R, 6U) T =T"2:(R,U).

Note that, if T'(z) = bool or I'(z) = (61 % 02, U), then ¢, is not defined.

Definition 3.12 (Type Judgment) The type judgment relation T || ¢ = M : § is the least relation
closed under the rules in Figure 4.

Note that when I'1;T's or I'y;5 I's appears in the conclusion of a rule, the rule can be applied only
when the operation is well-defined; In particular, it must be the case that dom(I'1) = dom(T'2).

Now we explain the key typing rules of T-RAISE, T-TRy, T-FuN, T-ApPP, and T-WEAK below.
The others are essentially the same as those in the original type system [10] (except for the effect part
in type judgments).

Rule T-RAISE is the easiest: Since the term raise immediately raises an exception without accessing
any resources, it is typed under the empty type environment with effect F.

Rule T-TRy is explained as follows. Usages in I'; and I'y record how each resource is accessed before
and after, respectively, an exception is raised. So, the total usage for try M; with M, is expressed by
T'y;5 s, obtained by applying ;g to usages in those type environments.

Rule T-FUN is defined according to the following intuitions. First, the premise says: Fach time
the function fun(f,x, M) is called, its body M causes effect p, accessing the function’s free variables
according to I'. In addition, M recursively calls f according to usage U;. M also uses the argument x
according to type o1 and yields a value of type d5. Therefore, the function is given a type (d1 L 65, U ),
where §; < o1\ E. Here, FE is removed by \ F from o since any possible exception that may be raised
in M is already considered in the latent effect . The type environment for the function is obtained
by multiplying O(T'\ E) (which expresses how the function’s free variables are accessed each time the
function is called) according to U (which expresses how often the function is called from the outside)
and U;\ F (which expresses how often the function is called recursively). We safely approximate this
multiplication by considering only the following three simple cases: the function is never called, it is
called exactly once, or it is called an arbitrary number of times. In the first case, the free variables are
never accessed. In the second case, the free variables are accessed exactly according to O(T'\ E). In
the last case, O(T'\ E) is arbitrarily replicated by ! where U is defined by pa.0& (U ® «) and IT" is its

pointwise extension. Thus, the approximated multiplication Af‘[}“Ul r) is defined as follows:

0 if1¢[U]
A?I}?UMF) = r if (1 € HUH - {Ga ]-7 1 l}) A (1 ¢ [[Ul]])
" otherwise .

Specially, the typing rule for non-recursive functions Ax.M is given as follows:

12



Fx:oy||eEM:d6 of <(m\E)
Altfo.o py 10 F MM = (0] = 02,U).

(T-ABS)

Rule T-App is explained as follows. When the term M;Ms is evaluated, the term M; is first
evaluated to a function and M5 is then evaluated and finally the function is called. The type environment
T'1;T9; (p3)**€ reflects this order, where @3 comes from the latent effect of the type of the function.

Rule T-WEAK deals with weakening and subsumption (on types and effects). Here, I' <, I' is
defined by

I <, I
=
dom(T") D dom(I"”)
I(z) <T'(x) for each z € dom(I”)
Use,(I"(x)) < (p)**¢  for each x € dom(T") \ dom (L")

It means that if we add z : o to the domain of IV, o must respect the effect ¢ of the term. For
example, from IV || E+ M : 6, we can derive IV, z : (R, E) || E+ M : 6 (where & dom(I")) but not
I z: (R,0) || EF M : 6. In the latter, the usage of x contradicts with the effect E.

Example 3.6 The following type judgments can be derived for the terms M;, My and M of Example
2.3:

z: (R, [;(W;C)&E)) || E* = M; : bool

z: (R, I;(W;C)&E));e C || 0+ Ms : bool

0] 0OF M : bool.

Example 3.7 Let us consider the term

MJun £ \z.(if read(z){*} then write(y)} else raise)
Mﬁgdy = if read(z){*} then write(y)¥} else raise

This term My, is tyed as follows:

(T-VAR)

(T-Acc)
(T-Now)
(T-WEAK)
(T-WEAK)

z:(R,OR) || 0F z: (R,R)

z:(R,OR) || 0 F read(z) : bool

z: (R, #OR) || 0 F read(z){™  bool

z: (R,R) || 0+ read(z)!®}  bool

I, = z: (R, R),y(R,0) || 0F read(z){*} I bool

(T-VAR)

(T-Aco)

(T-Now)
(T-WEAK)
(T-WEAK)
(T-WEAK)

z: (R, OW) [|[OFz: (R,W)
z: (R,OW) || O F write(y) : bool
y: (R, 4OW) || 0 F read(y)!} F bool
y: (R, W) || 0+ write(y)} I bool
z:(R,0),y: (R, W) || 0F write(y)¥}  bool
. = z:(R,0&E),y: (R,W&E) || 0 - write(y)!*}  bool

(T-ConsT)
(T-WEAK)
(T-WEAK)

¢ || E + raise : bool
z:(R,E),y: (R,E) | E’F raise : bool
; = z: (R,0&E),y: (R,W&E) || E” F raise : bool
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and
I, 11, 113

z: (R, R; (0&E)),y: (R,0; (W&E)) || E* = M2 : bool

(T-Ir)

- = (T-ABs)
Al (oo (i wer By | 05 M (R, (R; (0&E))\ E) = bool,U)

n 124
Al (v moweony | 0F M“": (R, R) = bool,U).

Here, we use subtype relations (R; (0&E))\ E = R and <((0; (W&E))\ E) =2 S(W&O0).
So, for example, when the function M is called once (that is U = 1), we have

(T-WEAK)

y: O(W&0) || 0F M : (R, R) 2 bool, 1).
Example 3.8 By annotating every access to a resource by (-){#}—for example, close(x) becomes
close(z)1*}— the term M of Example 2.4 is typed as follows (the type derivation is shown in Appendix
A).
z: (R,(IR);C),y : (R,(!IW);C) || 0+ M : bool

Here, we have [(IR);C] = (R*C |)#. Similarly, [(\W);C] = (W*C |)#. Therefore, we can conclude
the resources = and y are closed when the evaluation of M terminates.

4 Type Soundness

Our type system is sound in the sense that if a closed well-typed term of type 7 where Use(r) = 0
is evaluated, any resource is accessed according to the specification (declared by the resource creation
primitive new?®()).

We say that M is well-annotated if all the annotations on escape information -1#} are sound, i.e., if
({}, M) is never reduced to a configuration (H,&[v{7}]) such that = € FV(v). The soundness of our
type system is stated formally as follows:

Theorem 4.1 (Type Soundness) Suppose M is well-annotated. If O || ¢ = M : § and Useo(d) < 0,
then all the following properties hold:

(1) ({}, M) »* Error.
(2) 17 ([}, M) ~o* (H, M) o, then Vi € dom(H). | € H(z).

The condition Useg(7) < 0 states that even if the term M is evaluated to a resource, the resource may
not be accessed after the evaluation. Property (1) means that M never performs an illegal resource
access. Property (2) means that all the resources are used up when the evaluation terminates (normally
or abruptly). Note that property (1) holds even if Useg(d) £ 0.

We give an outline of the proof of Theorem 4.1 below. The full proof is shown in Appendix B.

We first define a type judgment relation ¢ = (H,M) : 6, which means that the state (H, M) is
well-typed under the effect ¢.

Definition 4.1
z1: (R UL, oz (RU) || EM 26
dom(H) = {z1,...,z,}
[U1] € H(z1),-..,[Un] C H(zy)
o (H,M):

14



¢ = true or false

T-CoNsT
0] OF c:bool ( )
z:00||0Fx: 4§ (T-VAR)
[v]jceo
T-NEW
0] 0+ new®(): (R,U) ( )
T|lekFM:(R,a) (T-Acc)
T || ¢ Facc*(M) : bool i
Fl || ©®1 l_ M1 : bOOl PQ H ©2 " M2 : 5 FQ || Y2 }_ M3 : 5 (T_IF)
Fl;FQ H ©15 P2 Fif M1 then M2 else M3 )
Fl || @1FM1201\E FQ,ZEZO’l || (pQFMQZ(SQ (T_LET)
Fl;FQ || V15 P2 Flet o = M1 in MQ : 62
Dy |1 b My (6 25 65,1) Dol ok My: 6y (T-App)
L5 T2; (03)"* || 13 233 = MiMa 2 62
F,f:(51ﬁ>5g,U1),x:01 HQOFM(SQ 51§O’1\E (T FUN)
AR\ poy gy | OF fun(f,z, M) : (6 £, 65,0)
T|leFM:o
(| E+ raise:d (T-RAISE)
Fl H ®1 - M1 ) FQ || Y2 H M2 ) (T_TRY)
T;e0s || w138 w2 Ftry My with My @ §
Cyo I'<, I I 'EM Y 8 <é
Lk g — I# = (T-WEAK)
PeEM:é
Figure 4: Typing Rules
The first premise means that M uses the resources x1,...,x, according to Uj,...,U,.

premises mean that the current heap indeed allows such resource usage.

We list main lemmas below. Lemma 4.4 states that typing is preserved by reductions. Lemma 4.1
states that an invalid resource access cannot happen immediately in a well-typed state. Lemma 4.3
states that evaluation may terminate only when the expression becomes a value or raises an uncaught
exception. Lemma 4.2 states that every heap element contains | in a well-typed, final state.

Appendix B for proofs.)
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Lemma 4.1 (Safety I) If o+ (H, M) : 0, then (H, M) + Error.

Proof Suppose ¢ b (H,M) : § and (H,M) ~ Error. (H,M) ~ Error must have been derived
from (R-AccERR). Hence, there exist £, x and a such that M = E[acc®(z)] and H(z) * = . From
ot (H,M) : 4, it follows that there exist IV and U, such that I,z : (R,Uy,) || ¢ F E[acc*(x)] : § and
[U.] € H(x). We can easily show that ',z : (R, Uy) || ¢ F EJacc®(x)] : ¢ implies a € [U,] (by induction
on the structure of £). Therefore, we have a € [U,](C H(z)), which implies € € H(z)”* # (). This is a
contradiction. O

Lemma 4.2 (Safety IT)
(1) If o= (H,v) : § and Useq(d) < 0, then VYo € dom(H). | € H(z).
(2) If - (H,E"Y[raise]) : 8, then Yz € dom(H).| € H(z).
Lemma 4.3 (Progress) Suppose M is well-annotated. If o & (H, M) : 6, then either
(1) (H,M)~ (H',M') for some H" and M’ or
(2) M is either a value v or of the form E7Y|raise]
Lemma 4.4 (Type Preservation) If ot (H, M) : 0 and (H,M)~ (H',M'), then p - (H',M') : 0.

Theorem 4.1 is an immediate corollary of the above lemmas.

Proof of Theorem 4.1.

e Property (1): Let (Hy, M;) be ({}, M) and assume (Hy, M)~ -+~ (Hp, M) and (H,, M,,) ~
Error. By Theorem 4.4 and ¢ - ({}, M) : 7, we have ¢ & (H,,, M,) : 7. Hence, the assumption
(H,, M,) ~ Error contradicts with Theorem 4.1.

e Property (2): Let (Hy, M;) be ({}, M) and assume that (Hy, M) ~ -+ ~ (Hp, M,) . By
Lemma 4.4, we have ¢ & (Hy,, M,) : 6. By Lemma 4.3, M, is either a value v or of the form
Etry[raise|. So, Vz € dom(H,,).| € H,(z) follows from Lemma 4.2. O

5 Type Inference

By the soundness of the type system, a sufficient condition for a closed term M to access resources in a
valid manner is that there exists an effect ¢ and § such that 0 || o = M : § and Useo(d) < 0. (Actually,
it is sufficient to give an algorithm to check whether @) || ¢ = M : bool, since if M does not have type
bool, we can check the term (Azx.true)M instead.) We sketch an algorithm for checking the sufficient
condition in this section.

The overall structure of the algorithm is the same as the constraint-based type inference algorithm
for Igarashi and Kobayashi’s type system [10]. Based on the typing rules, we can construct an algorithm
which, given a closed term M, generates constraints on variables expressing unknown usages, effects,
and types as a sufficient and necessary condition for §) || ¢ - M : §. By reducing the constraints on type
variables (using the standard unification algorithm), we can obtain constraints of the following form:

{ Elggplv"wfmS@mv
O‘lgUl»-“aanéUna [[U”]gq)lav[[Ullgng)k }

At this point, Uy,...,U, may contain effect variables (in the form of (£)“*¢) and expressions of the
form A?L‘,‘; Us,Us) (which is defined in the same way as A?I}?.Uz F)), where U; and U, are the usages of
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functions. To remove them, we first solve constraints on effects and function usages by using a standard
method for solving constraints over a finite lattice [18].

Then, the greatest solution for a subusage constraint of the form o« < U (where U no longer contains
an effect or Af‘[}‘:,U%US)) can be represented by pua.U. Thus, the above constraints can be further reduced
to constraints of the form: {[U{ ] C ®4,...,[U}] C &x} .

Like in our previous type system [10], the relation [U] C @ is generally undecidable (think of the
case where ® is a context-free language). We, however, believe that typical resource usage specifications
can be expressed in regular languages. As hinted in [10], in such cases, it is not difficult to develop an
algorithm (which may be incomplete but sound at least) to verify the condition [U] C ®. In fact, we
have already implemented such an algorithm for the case where ® = (R*C |)#: see Section 6.

Example 5.1 Consider the term
let = new(®" ¢ D7 ()inlet y = neW(W*Cl)#() in M*°

Here, M is a term obtained by annotating every access to a resource z by (-)1*} —for example, close(x)
becomes close(x)1*}— in the term M of Example 2.4. Then, as shown in Appendix A, we finally gain
the following constraints after extracting and solving subusage and subeffect constrains:

[((O((R: (0&E); E)\ E)); E);p C € (R*C [)#
[0(O((W: (0&E); )\ E)); E)ip C € (W*C |)#

Since these constraints are satisfied, we can conclude that the above term is well-typed. O

Example 5.2 Consider the term
2 — (R*C1)#y s
M = let x = new () in My,
where M, £ try (read(z){*};raise) with close(z). The following constraints are extracted.
1_\read(w) =T: (Ra al) Fread(m){m};raise =xT: (Ra 045)
TCraise = 2 : (R, ) Ty, =2: (R, a6

)
Fclose(z) =T (R7 043) Fnew(R*Cl)#() - @
Fread(m){m} =T: (R, Oé4) FM — (Z)

Pread(z) = §1 Praise = &2 Pclose(z) = &3
Pread(z){=t = &4 Pread(z){#};raise — &5
PMy = &6 Prewrrcn#() = &1 Pm = €8

5read(:c) = bool Jraise = bool 5close(m) = bool
6read(m){w} = bool 6read(m){w};raise = bool
6M2 = bool 5new(R*c i)#() = (R, 047) 5]\/[ = bool

[a7] € (R*C |)# s < €y S E0 &HLE&E

o <OR as <ag;oe L LCE & LE&seés
ay < E ag <as;paz 3E0 & LCEO
az < OC a7 < ag 458 &E&&

Here, I'y, &y, and 6y are respectively the type environment, effect, and type of a subterm N. By
solving the constraints on effects and usages, we obtain a; = (#OR; E);g C and pg = 0. Since

[ar] € (B*C ) holds, we can conclude that M is well-typed. O

17



Example 5.3 Consider the term M defined by:

M 2 et f=M;inlet x = new(F ¢ 17 () in Mpoay
My £ \z.(if read(z){*} then write(y){) else raise)
Mpody L2 try f(z);close(z){*} with close(z){}.

This term first defines function f that reads from a given resource and, if an certain condition holds
(read(x) return true), write to a globally-defined resource y , otherwise raise an exception, and then
creates resource x and then apply the function f to the resource x.

We will show a sketch of the type inference for the term M. For simplicity, we assume that the
raw type (the part of type obtained by removing usage expressions) of every term have been already
obtained (by usual type inference). Moreover, we also assume that the type environments, effects and

types of new(R™C 17 () and M; have been inferred as follows:
FMf =y (R A o¢f 1,0 W&O)) b : bool Fnew(R*Ci)# 0= @
om; =0 . Prew(rcn# () = 0
ou, = (R, R) £, bool, ay1) 5new(3*m>#() (R, a0)

Here, 'y, £n, and dn are respectively the type environment, effect, and type of a term N. Then, the

following constraints are extracted for the terms Mpoq, and M 2 et x = new(R C D7 () in Mpoay (we
reduce several constraints for simplicity).

£ (R, a1) 2L bool, ays), _ F((Rya1) <L bool, ays),

I = Ty =
Myoay T (R, OéQ)a Y- (Rv 043), b: bool M €T (R, 044),y : (R, Oé5)7 b : bool
PMyoay = & oM, = &2
5Mbod7/ = bool (S]\/[l = bool
[ao] € (R*C |)# az < (aq; (&)™ C)e C oy <0500 ap <1 & C(E’0);50
% = o a3 =0 as < 0o ap <Oy HLLO0G

Moreover, for the term M, the following constraints are generated.

Ty =vy:(R,a6),b: bool ag SRf §3 <0582

un . ?
om =&3 a6 < AQY 1 oweo)) O3 < E
0 = bool o <oy

Note that, constraints a; < R and ay; < ay3 are generated from from the constraint dps, < T'ar, (N
(this is generated based on the typing-rules (T-LET) and (T-WEAK)).

As mentioned above, we first solve function usage constrains a1, ays and a3 and gain ay; = apg =
ayf3 = 1. So we have Ale;l,l,o(w&o)) = O(W&0). Now, other usage and effect constraints are solved as
follows:

ay < (R;(0&E);C);gC oy < (R;(0&E);C);gC & £ 0
a1 < R&O as < 0 & £ 0
ay < (R (0&E);C);pC  ag < O(W&O) & C o
a3 < 0 & C E’

Here, since [R;(0&E);C);zC] € (R*C |)* holds the constraint [ag] C (R*C |)# satisfies. So,
all constrains are satisfied and the term M has type bool under the type environment I'jy; = y :
(R, O(W&0)),b : bool and effect 0.
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6 Experiments

Based on our type system, we have implemented a prototype resource usage analyzer. The implementa-
tion will be made available at http://www.kb.ecei.tohoku.ac.jp/ "iwama/rue/. The analyzer inputs
a program written in )\E, without annotations (~{’”} ) on escape information. The analyzer first performs
the standard type inference and annotate terms of non-function types with escape information. It then
performs the usage analysis as described in the previous section. In the final phase, constraints of the
form [U] C @ are checked. Currently, the analyzer accepts only the specification ® = (R*C |)#, and
uses a sound but incomplete algorithm for checking [U] C ®. The algorithm works as sketched in Sec-
tion 6.6 of our previous paper [10]. The basic observation behind the algorithm is as follows. Although
the language of usage expressions is very expressive (for example, it can express any context-free lan-
guages as well as some context-sensitive languages), we can approximate usages by using a finite set of
abstract usages as long as the specification ® is regular; For example, we need not distinguish between
usages R; C' and R; R; C' when the specification is (R*C |)#. We have designed an abstract usage do-
main that is sufficient for checking the inclusion with respect to the specification ® = (R*C' |)#, so that
the constraint [U] C ® can be replaced by a decidable, sufficient condition [a(U)] C @ (where « is the
abstraction function). The formalization of an algorithm that can deal with more general specifications
® is left for future work.

Experiments We have tested several programs including the examples given in this paper (where
init(z) is replaced by read(z) since the current system can handle only the specification (R*C |)#).
We confirmed that the analyzer gives correct answers. The tested programs include the following tricky
one.

let create =
fun(f,x,let y=new[read*;close]() in y) in
let repeat =
fun(g,x, let z = create x in
try
if acc[read] (z) then raise
else (g x; acclclosel (z))
with acc[close] (z)) in
repeat true;;

The above program repeatedly creates a new resource and closes it. Note that arbitrarily many resources
may be created, and also that arbitrarily many exception handlers can be nested.

We have also inspected source programs of O’Caml compiler (3.08.4), manually translated some
fragments of the programs accessing input files, and run our analyzer. Of 46 fragments of the code
we have inspected, 42 of them can be categorized into the access patterns (expressed in our target
language) summarized in Figure 5. We have confirmed that all of the four patterns can be analyzed by
our prototype system. For example, the following is an example of the 4th pattern:

let exclude filename =
let ic = open_in filename in
try
while true do
let s = input_line ic in
primitives := StringSet.remove s !primitives
done
with End_of_file -> close_in ic
| x => close_in ic; raise x

The body of the above function is expressed in our language:
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Normal pattern: 16 places

o (let z = new ("% O

TryWith pattern: 18 places
(= ar)

in (read(z);..;close(z))) ...

let z = new
in try read(z); .. ;close(z) with close(z)
TryClose pattern: 3 places
(R*C)# ()

let z = new
in (try read(z); .. with ..); close(z)
WhileTrue pattern: 5 places
let f = Az.(..; read(x);..) in
(R*C)# O

let z = new
in try while(true){..; (f z); .. } with close(z)

Figure 5: Typical file access patterns in O’Caml program

let input_line = lambda x.
if acc[read] (x) then true else raise in
let ic = newl[readx*;close] ()
in try fun(g,x, input_line ic;g x) true
with acc[close]l (ic);;

Our prototype analyzer accepts the above program, while it rejects the slightly modified program ob-
tained by replacing accl[close] (ic) with false.

Additionally, we have found that there are two fragments that seem to forget to close a file (in
asmcomp/asmlink.ml and debugger/source.ml).

The 4 fragments that our analyzer cannot deal with use pointers (reference cells) or records to store
file pointers. The following is the most interesting one:

let ic = open_in_bin Sys.executable_name in

Bytesections.read_toc ic;

{ read_string = Bytesections.read_section_string ic;
read_struct = Bytesections.read_section_struct ic;
close_reader = fun () -> close_in ic }

It opens a file, and then creates a record consisting of closures for reading and closing files. To properly
handle this, we need to refine the type system to control the order between the uses of record elements.

7 Discussion

Alternative approach for dealing with exceptions An alternative, more straightforward ap-
proach for dealing with exceptions would be to encode exception primitives into A® (e.g., by using
the continuation-passing style) [10] or the extension of w-calculus with resources [15], and then apply
previous type systems [10, 15]. The resulting analysis is not, however, accurate enough to deal with the
examples given in this paper.

To encode the exception handling primitive try M; with Ms into a function, we just have to express
the exception handler M5 as a function and give it to a function denoting M; as a function parameter.
For example, let consider the following program:

let f = \y.raise in (try f() with write(z)); close(x)
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This program defines the function f, which may raise an exception, and calls the function under exception
handler write(x) and then evaluates close(z). This program is encoded into the following function:

let f = Ay. M\ Ac.h() in
let ¢ = Az.close(z) in
let h = Az.(write(z);¢()) in f()(h)(c)

Note that the exception handler write(z) (and the ordinary continuation) is given to the function f
as an argument. However, with this straightforward technique, the accuracy of inferred usages are
insufficiency as mentiond above. For example, with this technique, we infer usage CC'; OW of resource
x for the above term. By the inferred usage, we do not know which operation either W or C' is done
first to the resource, while our type system infers usage (E;g W); C for the resource, that says that a
write operation is first performed and then close operation is performed.

Another approach would be to put information about both resource usage and exceptions into effects
to make the type system simpler. For example, a function

Az.(write(z); close(x); raise)

"% E

can be given a type (R, p) bool, where p is a abstract resource (called a region). The effect
p"V': p©: E means that a resource belonging to the region p is written and closed, and then an exception
is raised. As discussed elsewhere [10,14], however, this approach does not work well when different
resources are aliased to the same region.

Extensions for multiple exceptions and exception arguments Unlike the simple language stud-
ied in this paper, real languages like ML allow multiple exceptions and exception arguments. We can
extend our type system to deal with multiple exceptions, by introducing distinct usage constructors F;
and ;p, for each kind of exception. As for exception arguments, there are two main issues: (1) how
to deal with an exception having a resource as an argument (for example, consider the case where an
exception carries a file that must be closed), and (2) how to deal with pattern matching on arguments,
like “try ... with E 1 -> ...”. We can deal with both issues by combining our type system with
analyses of uncaught exceptions [17,28]. For the first issue, we can impose a restriction that the usage
U of a resource passed as an argument of an uncaught exception must be a subusage of 0. For the
second issue, we can extend usage constructors E; and ;p, by annotating them with information (like
“rows” [17]) about exception arguments.

8 Related Work

A number of type systems have been proposed for statically checking whether a certain kind of resource
is accessed in a valid manner [1,3,8,10,23,25]. Only a few of them, however, deal with exception
primitives. Type systems for JVM lock primitives [3, 12] support exceptions. In those type systems, the
handler for each exception is statically known, so that exceptions can be treated in the same manner as
if -statements.

It seems easier to extend effect-based type systems [4,7,19] for dealing with exceptions than to
extend Igarashi and Kobayashi’s type system. The effect-based approach, however, suffers from the
problem mentioned in Section 7.

Another approach to the analysis of resource usage in the presence of exceptions would be to extend
work on typestates [5,6,20,26,27]. In this approach, each type have several states (typestates) and
a typestate of each resource may be changed by resource accesses or procedure calls. Each access
to a resource is permitted only if the resource is in a valid typestate, so, inferring the typestate of
each resource at any program points, we can verify valid resource usage. Indeed, the original work
on typestates [20] does deal with exceptions. However, unlike ours, their method (1) requires explicit
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annotations on procedures ( with a specification: pre-typestates, post-typestates, exception-typestates
meaning that typestates of argument values before resource-access/procedure-call after the resource-
access/procedure-call has been performed normally and abruptly) and (2) cannot deal with aliasing,
that makes their verification be unsound; (3) cannot deal with higher-order functions.

The succeeding works on typestates [5,6,26,27] extends the original work to lift the restriction on
aliasing and deal with data structures (or objects) and pointers (although exceptions are no longer
explicitly discussed). However, these requires every procedure in their language to be annotated with
at least alias information about how argument values and a return value are aliased to keep track of
alias relation of variables. In order to extend their techniques for dealing with exception handling, we
must find enough alias information that is invariant at each entry point of exception hander for any
exception-flow. It seem to be possible but not trivial. The paper [6] handles similar problems in this
paper (e.g. whether a resources is accessed according to read*; close in a program) and deals with alias
precisely on the assumption that all paths in the program are feasible. However, their target language
is relatively theoretical one i.e. that does not include procedure calls and exceptions.

On the other hand, the general advantage for the typestate techniques is that (1) the analysis is
accurate due to the annotations about alias information, (it also could be that an extra alias analysis or
annotations make our analysis more accurate). (2) properties described in reglar language are verifiable,
while we have not identified how large class of properties is verified with our type system (i.e. we does
not identified the class of ® such that [U] C & is decidable). Moreover , the paper [5,26,27] handle
pointers and date-structures (objects) that our target language do not deal with. The papers [6] give
verification algorithms and it’s computational complexities. These issues for our work are future works
for us.

Kobayashi [14] has proposed another combination of linear types and effect systems. His type system
is, however, so complicated that no reasonable type inference algorithm has been developed.

In parallel to the present work, we have recently studied type-based resource usage analysis for
concurrent programs [15]. It would be interesting future work to integrate the type system in this paper
with that type system.

Model checking technologies [2,9] have recently been applied to verification of temporal properties
of programs. Advantages of our type-based approach are that our analysis is modular, and that our
analysis can be deal with programs creating infinitely many resources (recall the tricky example shown
in Section 6).

9 Conclusion

We have extended Igarashi and Kobayashi’s type-based resource usage analysis to deal with exceptions,
proved the soundness of the extended analysis, and implemented a prototype analyzer.

Future work includes extension of the type system to deal with a larger set of language constructs
(e.g., multiple exceptions, pointers, concurrency primitives) and development of an algorithm for check-
ing [U] C ® for a certain class of languages ®.
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A Type Derivation for the Term from Example 3.8

We show how the term M from Example 3.8 (or Example 2.4). below is typed.

M £ try fun(f, z, M )true with close(z){*}; close(y) ¥}
M; £ (if read(z){"} then true else raise); write(y){¥}; f true

As mentioned before, each resource access is annotated with (~){m} to get more accurate usage informa-
tion. First, the type derivation for read(z){#} is as follows:

(T-VAR)
(T-Aco)
(T-Now)
(T-WEAK)

z:(R,OR)||0Fz: (R,R)
z:(R,©OR) || 0+ read(z) : bool

z: (R, $OR) || 0+ read(z){™ F bool

z: (R,R) || 0F read(z)!*} - bool

Terms write(y){¥}, close(x){*}, and close(y){¥} are typed similarly. Then, the type judgments z :
(R,0) || E* I- true : bool and z : (R, E) || E” - raise : bool are derived as follows:

(T-RAISE)
(T-WEAK)

(T-ConsT)

0lloFt : bool
| rue : boo (T-WEAK)

z: (R,0) || E' F true : bool

0 || E + raise : bool
z: (R, E) || E' F raise : bool

24



Then, M, £ if read(z)*} then true else raise is typed as follows:
z: (R,0) || E* F true : bool
z:(R,R) | 0F read(z)!® : bool z:(R,E)| E’F raise: bool
z: (R, R; (0&%E)) || E* - M : bool
I, = z: (R, R; (0&%E)),y : (R,0&E) || E* + M> : bool

(T-Ir)
(T-WEAK)

(As the domains of type environments in premises must be the same, we need to apply T-WEAK
appropriately; We will often omit applications of T-WEAK in what follows.) The function fun(f, z, M;)
is typed as follows:

- - (T-VAR)
f: (bool = bool, 1) || 0F f: (bool = bool, 1)

I, = f: (bool 2 bool, ©1; E) || E + f true : bool

(T-App)

M, z:(R,0),y: (R, W) 0F write(y)! : bool
Iy || B Ma; write(y)!¥} : bool
FQ || EF M1 : bool

5 = I's || 0 F fun(f, z, M1) : (bool 2 bool, 1)

(T-LET)

2 (T-LET)
(T-Fun)

where

(R, R; (0&E)),y : (R, (0&E); W)

(0&E:E U, = (OKE);W;E

( U.),y: (R,U,), f : (bool 2 bool, O1; E)

Finally, we complete the derivation of the type judgment of the term M as follows:

=x:

R;

xX
F3 xX

IIs z:(R,0),y:(R,0)| O} true: bool
I, = Iy | E F fun(f, z, M) true : bool

(T-APP)

where I'y =z : (R,IO(U\ E); E),y : (R, IO(U,\ E); E) and
z:(R,C),y: (R,0) || 0F close(z)!*} : bool
z:(R,0),y: (R,C) | 0F close(y)¥} : bool
I, z:(R,C),y:(R,C)| 0F close(x){®}; close(y)!¥} : bool
z: (R,(ICUN\E); E);eC),y: (R, (IO(UN\E); E);eC) || 0F M : bool
z: (R,(IR);C),y: (R, (!W);C) |0+ M : bool

(T-LET)
(T-TRry)
(T-WEAK)

B Proofs of the Main Lemmas

In this appendix, we will prove Lemmas 4.2 — 4.4. First, in Section B.1, we show several properties
of usages. In Section B.2, we show properties of type judgments and type environments, which are
used in later proofs. In Section B.3, we prove Lemmas 4.2 and 4.3. Section B.4 presents a substitution
lemma, which is necessary for proving Lemma 4.4. Finally, in Section B.5, we prove Lemma 4.4 (type
preservation).

B.1 Basic properties of usages
Lemma B.1 The relation < satisfies the following properties:
1. ifUljUg, then U1§U2,
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U < pa.a,

Ui @ Uz < U Us,

(U1:U2) @ (Us ;Us) < (U1 @ Us) 5 (U2 @ Us),
(U1 @ Us) & (U @ Us) = (U & Us) ® Us,
SOU =2 OU < U,

(U = o(11),

U< eU,

U @ U, < $(U; @ Us),

EUE,

© % NS = e

N~
~ D

. (U\E\E~U\E,

~
NS}

WU\ E)\ E 2(U\ B),

~
o

. (U138 Us2);5 Us < Ur;g (Uz;g Us),
. OU1 Uz < #(Us;p Us),
if U= U then U < U,

N N N
EYEETEEN

if U < C[U], then U < pa.Clal,
(((p)use\ E) ® (90>use S (Qo)use!

| (gp)use g ‘(sa)use,

UL\ E @ (1)"*¢ < Uy and Us\ E ® (92)"*¢ < Us, then the followings hold:

L S
S ® =

(1) (U1;U2)\ E @ (p1592)"*¢ < Ur; Uz and
(2) (Ui;e U2)\ E ® (p158 ©2)"*¢ < Ur;p Us,
20. [U] =[<U] and
21 ’LfU1 S UQ, then [[UQ]] Q [[Ul]]

In order to prove the above properties, we first introduce an “up-to” technique for proving the
subusage relation.

Definition B.1 S is a weak usage simulation up to =X, if the following conditions hold for any U1 SU;.

(C1) (C[U1),ClUs]) € S for any usage context C with a hole..

(C2) If Uy 5 U and 1 € AU{1}, then Uy == Ul and U, < S = U, for some U!.
(C3) If Uy — Uy, then Uy = U] and U] = S =< Uy for some Uj.

(C4) If Uy = 0, then U; = 0.

(C5) If Uy =, U}, then Uy RN U] for some Uj.

Lemma B.2 If S is a weak usage simulation up to <, then S C<.
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Proof It suffieces to show that < S < satisfies the five conditions (C1),...,(C5) in Definition B.1 for
any Uy = 8 < Us. So, we must show C[U;] <X § = C[Us] for any usage context C (this is trivial) and
must find U] which completes each of the following diagrams, given the top row and the right transition:

Up 28X U Uip 282 U, U, 28=2 U, U, 282 U,

{1 I I le B %E

U, <8< Uj U, x8=< U} 0 0 Uy
We treat only the first diagram; the other diagrams are treated in the same way. By U; < S < Us, we
have Uy, Uss such that Uy < Uy; S Use < Us. Here note that, by usage transition rules, Uy < U and
Uv-Lu imply Uy N Therefore, by the fact that S is a weak usage simulation up to < and the
right-most transition Us R Uj, there exists Uly, U, and U7 that satisfy the following diagrams.

Uy = Un Uiy S Uso Uy = Us
K Jo i 11
v, = Uy U, 2§ =< Uy Uy, = U

. , .. I .
Since < is transitive, we have U] < § X Uj and U; = Uj as required. O

Lammas B.1(20,21) follows from the definition of [[]. For the other sub-usage properties, we give
only proofs of Lammas B.1(3,15). The others (1,2,4,...,13,15,...,19) are shown in a similar way.
Firstly, we give a proof of Lemma B.1(3) and then give a proof of Lemma B.1(15).

Let S35 be the following binary relation on usages.

Se — (CIVI1 @ Vi, ..., Vi @ Voo, C[Vin: Vig, - -+, Viars Vinal)
3 | Vi,...Vy, €U,C is a usage context with n (n > 0) holes.

The required property U; ® Us < Uy; Us follows if we show S3 C<. By Lemma B.2, it suffices to show
that Ss is a weak usage simulation up to <. In order to show this, we first prove several propositions.

Lemma B.3
(_Z) If(Ul,O) € 83 then U; = 0.
(2) If (U1, OUs) € S then Uy = QU for some U] such that (U}, Us) € Ss

Proof By the definition of Ss.

Lemma B.4 If (U1,Us) € S3 and Uy X U}, then Uy X U{ and (U{,US) € S5 for a usage U].

Proof If (U1, Us) € Ss then there exist C and Vi1, Via. .., Vi1, Voo such that U; = C[V11®@Via, ..., Viu®
Vng] and U2 = C[Vll; Vlg, ey an; VnQ] By induction on derivation of U2 = C[Vll; V12, ey an; VnZ] j Ué
with case analysis on the last rule used, we show that there is a usage U; that satisfies U; < Uy and
(U1,U5) € Ss.

e Case ©0 < 0. It must be the case that: C[Vi1; Vi, ..., Va1; Vo] = G0 X 0 = US. So the following
case holds:

(a) C= <>(31 and Cl[Vn;Vlg,...,an;Vn ] =0

In the case (a), by Lemma B.3(1), we have C1[Vi1 ® Via,..., Vi1 @ Vel = 0. So, U =G0 <0
holds. Thus, U] = O finishes the case.

27



e Case 0 <X <©0. It must be the case that: C[Vi1;Via,...,Vh1;Vae] = 0 X ©0 = U). By Lemma
B.3(1), C[Vi1 ® Vig, ..., Va1 ® Vo] = 0. So, we have U; = 0 < <0 and this satisfies the required
conditions.

e Case 40 <0 and 0 < 40. Similar to the cases ©0 < 0 and 0 =< <0.
e Case 0;U <X U. It must be the case that: C[Vi1;Via, ..., Va1; Vo] = 0;U X U = Uj,. So either of

the following case holds:
(a) C=C1;Co and C1[Vi1; Via, ..., Vin; Vi) = 0 and Ca[Vii1)1; Viir1)z, - - -5 Vars Vil = U
(b) C= H and Vll;Vlg = O;U
In the case (a), by Lemma B.3(1), we have C1[V11 ® Via,..., Vi1 ® V2] = 0. So, Uy = 0;C2[V(141)1 ®

Vis1)2s -+ Va1 ®Vaa] 2 CalVig11@Vig1y2, - - -5 Vi ®@Via]. Hence Ul = Co[Vii411®V(i41)2, - -+, Ve ®
Vi2] satisfies the required conditions.

In the case (b), it follows from Vi3 = 0,Vio =U that Uy = V13 @ Via =0 U <X U. So, Uy =U
satisfies the required conditions.

e Case U < 0;U. It must be the case that: C[Vi1;Via,...,Vh1;Vae] =U <X 0;U = Uj,. For the usage
context 0;C, (0;C)[Vi1; Va2 - - -, Va1; Viz] = Uj holds. So, since Uy = C[Vi1 @ Via, ..., Vi1 @ Vi <X
0; C[‘/ll RVig, ..., Ve ®Vn2] = (0; C)[‘/M@‘/lg, R VA ®Vn2] holds, U{ = (0; C)[V11®V12, e Va®
Vio] satisfies the required conditions.

e Cases0QU =U, U;0=U and 0;g U = U. Similar to the cases 0;U < U and U < 0;U.

e Case Uy ® Uga < Usze ® Uyy. It must be the case that: C[Vi1;Via, ..., Vi1 Vie] = U ® Usg <
Uso ® Uy = Uj,. So the following case holds:

(a) C=C1®Cq and C1[Vi1; Via, ..., Vix; Vi) = Unn and Co[Viy1y1; Vagny2s - - -5 Vars Viz] = Use

In the case, we can easily show that the required conditions are satisfied in a similar way to the
previous cases.

e Case U11&U22 =< UQQ&UM. Similar to the case U11 ® U22 j U22 ® U11.

o Case OUjq; Uz <X OUp ® Usa. It must be the case that: C[Vi1; Via, ..., Vai; Vaa] = OUtp; Uae
QU ® Ugg = UJ. So either of the following case holds:

IA

(a) C = OC1;0C2 and OCy[Vir; Vig, ..., Vin; Vig] = QU and Co[Vigg1y1; Viug)2s - -+ Vit Vaz] =
Us2

(b) C =[] and Vi1;Vig = OUp1;Uso

In the case (a), by Lemma B.3(2), we have Uj; such that C;[Vi; ® Via,..., Vi1 ® Vo] = Uyy

and (U11,Ufy) € Ss3. So, Uy = OU{1;Ca[Viir1)1 @ Vigrryz, - -+ Vil ® Via] 2 QU @ Co[Vig1y ®

‘/(H_UQ, ey an ® Vng] holds. Thus U{ = <>U{1 ® CQ [‘/(H-l)l X ‘/(l+1)27 ey an (%9 ‘/HQ] finishes the

case.

In the case (b), from V11 = <>U11 and ‘/12 = U227 U1 = ‘/11 (24 ‘/12 = <>U11 (24 UQQ follows. SO,
U] = OUy; ® Uy = UJ satisfies the required conditions.

e Case OUq ® Uzg = OUjq; Uss. Similar to the case CUqp;Usy <X QU1 @ Uss.

e Case OUpp ® OUszz < O(Up ® Usgz). It must be the case that: C[Vi1; Via, ..., Va1 Vil = OU ®
OUsze =X O(Uy; ® Uag) = Uj. So the following case holds:

(a) C=OC1;0C; and OC1[Vir; Vi, ..., Vin; Vie] = QU1 and OColVig1y1; Vierny2s - - Vit Viz] =
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In the case (a), by Lemma B.3(2), we have Ci[Vi1 ® Vig,..., Vi1 ® Vig] = Uj; and Co[V(j41y1 ®
V<l+1)27...,Vn1 X Vng] = Ué2 and (Ull,Uh)Sg and (UQQ,UéQ)Sg. SO, U1 = <>U11 & <>U22 j
O(Urn ® Usgg) holds. Thus Uj = O(Up; ® Usg) finishes the case.

Cases O(U11 @ Uzg) <X OUpp ® OUaa. It must be the case that: C[Vii;Via,..., Va1 Vsl =

O(Uy1 @ Ugg) =X QU ® OUgg = UJ. So the following case holds:
(a) C=<0Cy and C1[Vi1;Via, ..., Vit V] = (U1 ® Usa).
In the case, by C1[Vi1; Via, ..., Va1 Vie] = (U1 ® Usg), the following condition holds:
(al) C1 = C11®Ciz and C11[Vi1; Vig, ..., Vin; Vie] = Uy and Cia[Viggay1s Viegnyzs - - -5 Vot Vo] = Uz

In the case ,
Uy = OCu[Vi;Vig, .o, Vi Viel @ OCi2[Vigrnys Vg ny2s - - - Vit Vazl
Ux C(Cri[Vir @ Vig, oo, Vin @ Vig] @ Cra[Vier1y1 @ Viig1yas - -+ Vi @ Vaal])

= OC1[Vii ® Vig, ..., Vit @ Vig] @ OCral Vg1 @ Vigny2s - -+ Var @ Vig]

So, for the usage context OCp3 ® OCia, we have Uj) = (OC11 ® OC12)[Vit; Vizs -« Vat; Va2
and ©C11[Vi1 ® Vig, ..., Vi1 @ Via] ® OCra[Viiy1)1 @ Vigny2s - -+ Vit @ Via] = (OC11 ® OC12) [V ®
Viz, ..., Va1®@Via]. Thus Ul = OC11[Vi1 @ Viz, ..., Vit @ Vio]@OC2[Viir 1)1 @ Viig1y2, - Vit @ Via]
finishes the case.

Cases OUi1;p Use = O(Urr;p Usz). Similar to the cases OUpp @ OUzy = O(Upp ® Uaz) and
O(Urn ® Ugg) = OUpy @ OUss.

Case Ull&Ugg = U11. It must be the case that: C[Vn; V12, .. .,an; Vng] = Ull&UQQ = U11 = Ué
So only the following case holds:

(a) C=C1&Cq and C1[Vi1; Via, ..., Vin; Vi) = Unn and Co[Viig1)1; Vugn)2s - - -5 Var; Vo] = Use

In the case (a), Uy = C1[Vi1 @ Viz, ..., Vi1 ® Vi2]&Ca V(i1 1)1 @ Viig1)y2s -+ -5 Vil @ Vi 2 C1{Vi1 @
Vig, ..., Vi1 ® Vig] holds. So, Uj = C1[V11 ® Via,..., V)1 ® V2] finishes the case.

Case pa.U = [pa.U/a)U. Tt must be the case that: C[Vi1; Vi, ..., Vai; Vae] = pa U < [ua.U/a]U =
Uj. So only the following case holds:

(a) C = pa.Cy and C1[Vi1; Vigy ..., Vioa; Vo] = U.
In the case (a), Uy = pa.C1[Vi1 @ Via, ..., Va1 ® Via] holds. Since
([,uoz.Un/a]Uu, [,U,Oé.Ugl/a]Ugl) S Sg

holds for U;; = C; [V11®V12, ceey Vn1®vn2] and Usy = C; [VM; Viay ooy Vo VnQ], U{ = [,lleAUll/a]Ull
satisfies the required conditions.

Uu=v
ST < oU" It must be the case that: Uy = C[Vi1; Vig, ..., Vai; Vae] = OU and U X U’ and

Uy = OU’. So only the following case holds:
(a) C=<Cr and Cy[Vig; Vig, .., Vi Van] = U

Case

In the case (a), by the induction hypothesis, there exists U” such that
C1 [Vll R Vig, oot , Vi1 ® Vng] = U” and (U”, U/) € S3.
SO, we have U1 = <>C1[V11 ® V12, .. .,an & Vng] = <>UH. From (U//, U/) S 83, (<>UH,<>U/) S 83

follows. Thus, U; = OU” satisfies the required conditions.
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C v Similar to th v=2v
L] ase W 1milar to € case m

U 2 UL It must be th that: Uy = C[Viy: V, Viui: Vol = Uiy Uy and
U11;U225U{1;U22' must be the case that: Uz = [117 125+ -5 Ynls n2]— 11; U22 an

U11 j U{l and Ué = U{l; U22.

So either of the following cases holds:

e Case

(a) C=Cy;Co and Ci[Vin; Vaz, -, Vins Vie] = Unn and Co[Vigyny1s Vi, -+ -5 Vars Vaal = Usz
(b) € =[] and Vi1;Vi2 = U1; Uz

In the case (a), by the induction hypothesis, there exists U} such that
Ci[Vi1 ® Vig,...,Vu @ Vo] 2 U7y and  (U7},U7;) € Ss.

So, we have Uy = C1[Vi1 ®Via, ..., Vit @ Via]; Co[Viu41)1 @ Vg2, - - -5 Vi @ Vo] 2 UL Co[Vigg11 ©

Vg2, - +» Va1 @ Vol From (U7},Ufy) € Sz and Uy = Uiy;Ca[Viig1y1; Vasr)z, - - -5 Vars Vazl,

(U115 Ca[Vis 11 ®Vig1y2s - - -5 Va1 ®@Vinal, Us) € S3 follows. Thus, Ul = U35 Ca[Viip11®@ Vg2, - -+, Vi ®

Vio| satisfies the required conditions.

In the case (b), since Vi1 = U1y and Vig = Uag, Uy = V11 ® Via = U1 ® Usag holds. So, by the rule
Ui XU},

U1 @ Usg 2 UL, ®@ Uz

, we have Uy = Uy ® Uzy X U{; ® Uso. This finishes the case.

C U 2 Uy d Un XUy, Similar to th U 2 Uy
e Cases an . Similar to the case .
U1 ® Uaa 2 U @ Uz U138 Use 2 Ul 55 Us Ur1;Uz2 2 U{;; Uaa
U, UY UY XU . . . . y
e Case U 2 U . By (U1,U;y) € 83 and the induction hypothesis, there exists Uy such
2 2~ VYo

that Uy < Uy and (U7, UY) € Ss. So, using the induction hypothesis again, we have Uj such that
Uy <2 U{ and (Uj,U3) € S. Hence, we have U; <X U{ and (U7, U}) € S5 as required. O

Now, we show that S3 is a weak usage simulation up to <

Proposition B.1 S3 is a weak usage simulation up to <.

Proof Note that if (Uy,Us) € Ss, then there exist Vi1, Via, ..., Vo1, Ve, and C such that Uy = C[V11 ®
Vig,..., Vo1 ® Vo] and Us = C[Vi1; Via, ..., Var; Vo). We show that each condition in Definition B.1
holds as follows:

(C1) Trivial.
(C2) By induction on derivation of Us -4 U, with case analysis on the last rule used.

- Case (UR—LAB). Uy = C[V11;1/127...,Vn1;Vn2} =land Uy = C[Vn QVig, ..., Va1 ® Vnz]

hold. So we have C =[. In the case, it follows that U; =1 =4 0. Thus, Uj = 0 finishes this
case.

- Case (UR-Box). In this case, the following condition holds:
(i) Uy = OC1[Vi1; Vg, - o, Vi Vo] and Uy = OC1 [V @ Via, ..., Vil @ Vsl
In the case, Uj must be of the form OUj; and Us LN U} must have been derived from
C1[Vi1; Vi, - -+ s Vit Vo] LN U}, . So, by the induction hypothesis, there exists Uy, such that

C1lV11®@Vig, ..., Vo1 ®@ Vi) L Ui, and U{; < 83 = Uj,. So, Uj = QUj, satisfies the required
condition.
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Case (UR-Ubox). Similar to the case for (UR-BoOX).

Case (UR-Par). In this case, the following case holds:

(i) Uz = Cl[Vn; Vig, .oy Vinas sz] ® C2[V(m+1)1; V(m+1)2, ooy Vil Vn2] and
Ur=C1[Vi1 @ Viz, -+, Vint @ Vina] @ Co[Ving 1)1 @ Vimg1)2, - -+ Vil @ Via]

In the case, the followings must be derived:
C1[Vi1; Vig, ..., Vina; Vine] - Up Uj = Uy @ Co[Vim41)1: Vim+1)2, - - - » Vit Va2

By the induction hypothesis, there exists U, such that C1[Vi1 ® Via, ..., Vi1 ® Vil N U,
and U7y = 83 = Uyy. So, Ul = Ul @Ca[Vimt1)1 @ Vim41)2, - - - » V1 ® Viyo] satisfies the required
condition.

Case (UR-SEQ). Similar to the case for (UR-PAR).

Case (UR-SEQE). Similar to the case for (UR-PAR).

Case (UR-HDLR). Since 7 ¢ AU {1}, this case cannot happen.
Case (UR-PcoN). In this case, it must be the case that:

Uy 2 Uxy Uy — Uy, Us, 2 U

By (Uy,Us) € S3, Lemma B.4 and the induction hypotheses, we have U1 and Uy, that satisfy

the following diagrams:
l

Uy =2 Un — Uy = U
Y

S3 S3 S3
Yl

l
U1 = U11 — U{I

Since, Uj; = S5 = Us; X U implies Uj; X 83 2 US, U; = Uy, finishes the case.

(C4) By Lemma B.4.

(C5) By induction on derivation of Us =, U, with case analysis on the last rule used.

Case (UR—LAB). Uy = C[Vn; Vie, ..., Va1 Vng] = F and U; = C[Vn QVig,...,. Vo1 ® Vng]

hold. So we have C = E. In the case, it follows that U3 = E - o. Thus, the required
conditions are satisfied.

Case (UR-Box). In this case, the following condition holds:

(1) Uz = OC1[Vi1; Vag, ..., V13 Vie] and Uy = OCi[Vin @ Vig, ..., Vi1 @ Vil

In the case, Uj must be of the form QU and Us =, U4 must have been derived from
C1[Vi1; Vi, - -+ s Vit Vo] =, Uj,. So, by the induction hypothesis, there exists Uj; such

that Cl[Vll RVig, ..., Vi1 ® Vng] :E> U{l So, Uy = <>Cl[V11 RVig, oo, Vi1 ® Vng] :E> <>U{1
satisfies the required condition.

Case (UR-Ubox). Similar to the case for (UR-BoOX).
Case (UR-Par). In this case, the following case holds:

(i) Uz = C1Vi1; iz, -+, Vit Vina] ® Co[Visma1)1; Vim41)2, - - -5 Vs Vo] and
Ur = Ci[Vi1 @ Vig, ..o, Vit @ Vina] @ Co[Vigna1)1 @ Vigny2s -+ -5Vt @ Vi
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In the case, the followings must be derived:
C1[Vi1; Vigs -+ Vint; Vina] — Uy U = Uz @ Co[Vimg1)1; Vim+1)2> - - -5 Vat; Va2

By the induction hypothesis, there exists Ui, such that C1[Vi1 @ Via, ..., Vin1 @ Vo] N Uj;.
So, Uy N Ul @ Ca[Vimt1)1 @ Vima1)2, - - - » Va1 ® Vyo] satisfies the required condition.

- Case (UR-SEQ). Similar to the case for (UR-PAR).

Case (UR-SEQE). Similar to the case for (UR-PAR).

Case (UR-HDLR). This case cannot happen.

Case (UR-PcoN). In this case, it must be the case that:

Uy =Un  Un-5U U =<Uj

By (U1, Us;) € S3, Lemma B.4 and the induction hypotheses, we have Uy; and Uj, that satisfy
the following diagrams:

U < Un == Uj
This satisfies the required conditions.
(C3) By case analysis on the last rule used to derive Uy —— Uj.

- Case (UR-HDLR). In this case, the following holds:

(i) Uz =C1Vi1; Viz, - -+, Vit Vinalse Ca[Vimg1)15 Vim41)25 - - - » Va1 V] and
Ur=Ci[Vi1 @ Viz, ..+, Vin1 @ Vialie Ca[Vima1)1 ® Vima)2s -+ -5 Vil @ Via)-
In the case, the following derivation must be derived for a usage Usj;:

Ci[Vit; Vig, - oo Vina; Vine] =, Uy U = ColVim+1)1; Vims1)25 - -+ Vit Viaz]
By (C5), there exists U{; such that C;[Vi; ® Via,..., Vin1 ® Vina) N U{,. So, we have U, ,
U! such that C1[V4,. .., V,] = U, - U’ = U},. Thus, the followings hold:

CilVii1 @ Viz, oo, Vit @ Vinalie C2[Vima1)1 @ Vimg1)2s -+ -5 Vil @ Vg
= Ue;E CQ [‘/(m-i-l)l & Vv(m-‘,—l)?a ceey an & VnQ]
— Co[Vimt1)1 @ Vimg1y2s -+ Vo ® Vo]

Therefore, we have U1 = Co[Vim+1)1 @ Vimsn)2, -, Var @ Vo] and U] = Co[Vipmy1)1 @
Vim+1)2, -+ Va1 @ Vio| satisfies the required condition.

- Cases for other rules: Similar to (C1). O
Proof of Lemma B.1 (3). By Lemmas B.1 and B.2. O

From here, we give a proof of Lemma B.1(15). Let Si5 be the following binary relation on usages.

Vi,...Vo €U, and V; = V/, }

— ! !/
S15 = { €V, Val.CIVY, -, Vi) C is a usage context with n (n > 0) holes.

The required property U < U’ follows if we show S5 C<. By Lemma B.2, it suffices to show that S5
is a weak usage simulation upto <. In order to show this, we first prove several propositions.
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Lemma B.5

(1) If (Ul,O) S 515 then Uy = 0.
(2) If (Uy, OUps) € S15 then Uy = OUpy and (OUpy, OUsps) € Si5 for some usage Uy .

Proof (1): By (U1,0) € Si5, there exist C and V{,..., V! such that C[V{,..., V] = 0. So, either

r'n r'n

C=0or (C=][] N V/ =0) holds. In the first case, U; = 0 holds. In the second case, U3 = Vi, = 0
holds. (2): By (U, OUpa) € S5, there exist C and V{,...,V, such that C[V{,..., V)] = OUps.

- Case C = []. It must be the case V{ = OUps. So, we have U; = OUps. Thus, Uy = Uy finishes
this case.

- Case C = OC;. It must be the case C[V{,..., V] = OC1[V{,...,V,]. So, Uy = OCi[V4,..., V]
holds. Thus, Uy = C1[V4,..., V] finishes the case. O

Lemma B.6 If (Uy,Us) € S15 and Uy < U}, then Uy = U{ and (U, U}) € S15 for some usage U] .

Proof 1If (Uy,Us) € Si5 then there exist C and Vi,...,V, such that U; = C[V4,...,V,] and Uy =
CIV{,...,V]] and V; = V/ for i = 1...n. By induction on derivation of Us = C[V{,..., V)] <X Uj

r'n

with case analysis on the last rule used, we show that there is a usage Uj that satisfies Uy = U] and
(UL, U3) € Sus.

e Case ©0 < 0. It must be the case that: C[V{,..., V] = G0 < 0 = UJ. So either of the followings
case holds:
(a) C =[] and V{ =<0
(b) C = <>Cl and Cl[Vl’, .. ,VA] =0
In the case (a), since U3 = <0 < 0, U] = 0 satisfies the required conditions. In the case (b), by
Lemma B.5(1), we have C1[V4,...,V,,] = 0. So, U; = <0 =< 0 holds. Thus, U] = O finishes the

case.

e Case 0 < <©0. It must be the case that: C[V{,..., V] = 0 < ¢0 = Uj. By Lemma B.5(1),
CVi,...,V,] = 0. So, we have U; = 0 = <0 and this satisfies the required conditions.

e Case 40 <0 and 0 < 40. Similar to the cases ¢0 < 0 and 0 < <O0.
e Case 0;U =< U. It must be the case that: C[V{,..., V)] = 0;U = U = Uj. So either of the

followings case holds:
(a) C=[]and V{ =0;U
(b) C=C1;Cy and C1[VY,...,V/] =0 and Co[V/,4,..., V)] =U
In the case (a), since Uy = Vi = V{/ = 0;U < U holds, the required conditions are satisfied. In

the case (b), by Lemma B.5(1), we have C1[V4,...,V]] = 0. So, U3 = 0;Ca[Vi41,...,Vs] =
Co[Vit1, ..., V). Hence U] = Ca[Vi41, ..., V,] satisfies the required conditions.

e Case U < 0;U. It must be the case that: C[V{,...,V!] = U < 0;U = Uj. For the usage

context 0;C, (0;C)[V/,..., V)] = Uj holds. So, since Uy = C[Vi,...,V,,] = 0;C[V1,..., V4] =
(0;C)[V4, ..., Vy] holds, U{ = (0;C)[V4, . .., V,] satisfies the required conditions.

e Cases 0@ U =U, U;0=U and 0;5 U = U. Similar to the cases 0;U < U and U < 0;U.

33



o Case U1 ®Uazs =X Usa ®Uj1. It must be the case that: C[Vll, e VA] =U11QUzy X Upu®U;1 = Ué
So either of the followings case holds:
(a) C= H and Vll = U1 Q@ Uss
(b) C= Cl ®C2 and Cl[‘/{, ey VE,] = U11 and CQ[V},JFI, e 7‘/;;] = U22

In each case, we can easily show that the required conditions are satisfied in a similar way to the
previous cases.

o Case Uy1&Uss < Uae&Uyy. Similar to the case U ® Usg < Uszg ® Usg.

e Case OUjq;Usy = QU1 ®Uss. It must be the case that: C[Vll, RN V,;] = OUq1;Ug 2 QU1 ®Uz =
Uj. So either of the following cases holds:
(a) C= H and Vll = <>U11;U22
(b) C= C1;C2 and C1[w, ey ‘/l/] = <>U11 and CQ[VE/_,'_D v V/] = U22

r'n

In the case (a), since Uy = Vi = V| = QUj1;Uz = OUpp @ U, Uy = OU;pp ® Usy satisfies
the required conditions. In the case (b), by Lemma B.5(2), we have C1[V1,..., V)] = OUp; and
(<>Ub17 <>U11) S 815 for a usage Up. SO7 U, — <>Ub1;02[‘/2+1, e, Vn] X OUy ® CQ[W+17 e, Vn]
holds. Thus U] = OUp; ® Co[Viy1, ..., V,] finishes the case.

e Case OUjy ® Uzg =X OUqp; Usg. Similar to the case OUqp; Uz =< QU ® Uss.

e Cases OUpp ® OUsy <X O(Up; ® Usz). It must be the case that: C[V{,..., V] = OU;; ® OUsgs =<
O(Urr ® Uag) = Us. So either of the following case holds:
(a) C = H and Vll = <>U11 X <>U22
(b) C= Cl;CQ and Cl[Vl/, ey ‘/l/] = <>U11 and CQ[‘/ZCF]_, ey Vé] = <>U22
In the case (a), we can easily show that the required conditions are satisfied in a similar way
to the previous cases. In the case (b), by Lemma B.5(2), we have C;[Vi,..., V)] = OUp; and
(<>Ub11, <>U11) S 815 and Cg [W+1’ ey Vn] > <>Ub12 and (<>Ub12, <>U22) S 815 for usages Ubll and

Up12. So, Uy = CUp11 ® CUpia <X O(Up11 ® Upia) holds. Thus Uy = O(Upiy ® Upiz) finishes the
case.

o Cases O(Upp ® Uzz) = OUp @ OUsag. It must be the case that: C[VY,..., V)] = O(Unn @ Uzz) =
QU ® OUsg = U),. So either of the following cases holds:
(a) C =[] and V{ = O(Uy1 ® Usg)
(b) C = <>Cl and Cl[‘/ll, .. ,VA] - U11 & UQQ.

In the case (a), since Uy = V; = V/, we can easily show that the required conditions are satisfied.
In the case (b), by C1[V{, ..., V)] = U1 ® Uaa, either of the following conditions holds:

r'n

(b1) C1 =[] and V{ = U1 ® Usao
(b2) Cl - C11 & C12 and Cll[‘/{; ey Vvl/] = U11 and Cl?[‘/lq&’ e V/] = U22

r'n

In the case (bl), U =0V, = <>‘/1/ = <>(U11 ®U22> =< OU11 ® OUsg holds. So, U{ =OU11 ®
OUsgg = UJ satisfies the required conditions.

In the case (b2),

Us = 0Cu Vi, .., V] ® OCaViss, .., V]
Ui =0Cu[Vi,..., Vi ®Cra[Viga, ..., Vo) 2 0C1u Vi, ..., Vil @ OCra[Viga, ..., Vil
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So, for the usage context GC11@CCy2, we have Uj = (CC11@0C12)[VY, ..., V] and OCi1[V4, ..., V||®
0612[‘/2+1, ceey Vn] = (<>Cll ® 0612)[‘/17 ey Vn] ThUS U{ = <>Cll[V1, ey Vz] ® 0612[‘/I+1, ey Vn]
finishes the case.

Cases OUj1;p Uss = O(Upr;p Usz). Similar to the cases Uy @ OUszy = O(Upp ® Uag) and
O(U11 ® Uag) = QU1 ® OUss.

Case Up1&Usze = Upp. It must be the case that: C[V{,..., V] = U1&Uaz < Uyy = UJ. So either
of the following cases holds:

(a) C = H and Vll = Ull&UQQ

(b) C= Cl&CQ and Cl [Vll, ey ‘/l/] = U11 and CQ[‘/l/le, ey VT/L] = U22
In the case (a), Uy = Vi = V| = U11&Uszs < Ujg holds. Thus, U] = Uy, finishes the case. In

the case (b)7 U1 = Cl[Vl, ey W]&CQ[‘/Z+1, ey Vn] j Cl[Vl, ey Vz] holds. SO, U{ = Cl[Vh ceey ‘/l]
finishes the case.

Case pa.U = [pa.U/a)U. Tt must be the case that: C[V{,..., V)] = pa.U = [pa.U/a)U = Uj. So
either of the following cases holds:

(a) C =[] and V] = pa.U

(b) C = pa.Cqy and C1[VY,..., V] =T.
In the case (a), by Uy = Vi = V{ = pa.U, Uy = pa.U satisfies the required conditions.
In the case (b), Uy = pa.Ci[V4,. .., V,] holds. Since

([/LO[.Ull/Oé]UH, [MO&.UQl/a]Ugl) € 815

holds for Uyy = Ci[V4, ..., Vy] and Uz = C1[VY, ..., V], Uy = [pa.Ur1/a]Uy; satisfies the required
conditions.
A

m. It must be the case that: Uy = C[VY/,...,V,)] = QU and U <X U’ and U} = OU".

So either of the following cases holds:

Case

(a) C=[] and V{ = QU
(b) C= <>C1 and Cl[V{,...,V,;] =U

In the case (a), since Uy = Vi = V] = OU <X OU’ holds, Uy = OU’ = U satisfies the required
conditions. In the case (b), by the induction hypothesis, there exists U” such that

Cl[Vl,...,Vn] — U"” and (U”,U/) € Sis.

So, we have Uy = OC1[V1,...,V,,] = QU”. From (U",U’) € 815, (QU",QU’) € &5 follows.
Thus, U{ = OU" satisfies the required conditions.

C v=v Simil. hi v=tv
ase m 1milar to the case m
Un = Uy

Case . It must be the case that: Uy = C[V{,..., V] = Uy1;Use and Uy; <X Uy,

Ui1;Uzz 2 U5 Usso
and Uj = U{;; Uaa. So either of the following cases holds:

(a) C= H and Vll = Ull;UQQ
(b) C :Cl;CQ and Cl[w,...,‘//] = U11 and 62[‘//4-1”‘/7’;] = U22
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In the case (a), we can easily show that the required conditions are satisfied in a similar way to
the previous case. In the case (b), by the induction hypothesis, there exists U} such that

Ci[Vi,... . Vil = U, and (U, Ul,) € Sis.
So, we have Uy = C1[V1,...,VI];C2[Vit1,- .., V] = U{4;Ca[Vig, ..., V). From (Uy},Uq;) € Sis

and U} = Ul1;Ca[V},ys -, V2], (U3 Co[Visa, ..., V], US) € Sis follows. Thus, U] = Uly; Ca[Vig, . -

satisfies the required conditions.

o U 2 Uy d U 2 Uy, Similar to th U 2 UL,
e Cases an . Similar to the case .
U1 @ Uza 2 U @ U U138 Use 2 Ui 155 Uso U11;Use 2 U{;; Uaa
Uy 2 Uy Uy 2U; . . . . y
e Case U 2 U . By (Uy,Us) € S15 and the induction hypothesis, there exists U’ such
2 2 UYg

that Uy = Uy and (U{,UY) € S15. So, using the induction hypothesis again, we have U] such
that Uy = U7 and (U, U}) € S15. Hence, we have U; = U] and (U7,U3) € S15 as required. O

Now, we show that S15 is a weak usage simulation up to <

Lemma B.7 S5 is a weak usage simulation up to <.

Proof Note that if (Uy,Us) € Sis, then there exist Vi,...,V,, V{,..., V! and C such that U; =
CVi,...,Vp] and Us = C[V{,...,V!] and V; = V/ for i = 1...n. We show that each condition in
Definition B.1 holds as follows:

(C1) Trivial.
(C2) By induction on derivation of Us 4 U, with case analysis on the last rule used.

- Case (UR-LaAB). Uy = C[V/,...,V))] =1 and U; = C[V4,...,V,] hold. So we have either
C=1lor (C=[]and V] =1). In both cases, it follows that U =L 0. Thus, U{ = 0 finishes
this case.

- Case (UR-Box). In this case, either of the following conditions holds:

(i) C=[land Uy = V| =OU,, Uy =V} = V] =OU, for a Uy
(i) Uy = OCi[V{,...,V!] and Uy = OC1[V4,. .., V,].
In the first case, since Uy = U, holds, U; = U} satisfies the required condition. In
the second case, Uj must be of the form OUj, and Us -4 U} must have been derived
from C[VY{,..., V)] LN Ul,. So, by the induction hypothesis, there exists U{; such that
CilVai,..., Vi) N Ui, and Uj; X S15 3 UL, So, Uy = OUj; satisfies the required condition.
- Case (UR-Ubox). Similar to the case for (UR-BOX).
- Case (UR-Par). In this case, either of the following conditions holds.
(i) C=[] and Uz = V] = U1 ® Uz, Uy = Vi = U1y ® Usg for some Uy, Usa.
(i) Uy =Ci[VY,..., V] ®Ca[Vy i1, .-, V,] and
Uy = Ci[Vis. .., Vi) @ CalVinsns- -, Vil

In the first case, since Uy = U holds, U; = U} satisfies the required condition. In the
second case, the followings must be derived:

CiVi,... . VL] == Usy Uy =Usy ®CalVipin,-. -, V]

By the induction hypothesis, there exists Uj; such that C1[Vi,...,V,] LN Ui, and U{; =
S15 2 Uy So, Uy = Uiy @ Ca[Vinya, - - -, Vi satisfies the required condition.
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- Case (UR-SEQ). Similar to the case for (UR-PAR).

Case (UR-SEQE). Similar to the case for (UR-PAR).

Case (UR-HDLR). Since 7 ¢ AU {1}, this case cannot happen.
Case (UR-PcoN). In this case, it must be the case that:

Uy =Uy Uy —5U, Uy 2U,

By (Uy,Us) € 815, Lemma B.6 and the induction hypotheses, we have Uy; and Uj; that
satisfy the following diagrams:

Uy = Uy -5 Uy =< U
Y

515 815 815
Y

U = Uy = U,

Thus, U; = U7, finishes the case.
(C4) By Lemma B.5(1).
(C5) Similar to the case for (C2).
(C3) By induction on derivation of Uy —— U}, with case analysis on the last rule used.

- Case (UR-HDLR). In this case, either of the following conditions holds.
(i) C =[] and Uy =V} = Uy1;5 Ura, Uy = V4 = V/ for some Uy, Usa.
(ii) Uy =C1[V{,..., V. ]iE CQ[V,,;_;'_l, ..., V'] and
Uy =CiVa, .., Vinl;iE Co[Vint, - - -, Vil
In the first case, since Uy = Us holds, U] = UJ satisfies the required condition. In the
second case, the following derivation must be derived for a usage Ul;:

GVI,... VI -5U Ub=ColVigr,..., Vil

m

By (C5), there exists U{; such that C1[V1,..., Vi, £, U{;. So, we have U, and U, such that
CiVi,..., V] = U, £, U! = U{;. Thus, the followings hold:

Cl[‘/]_7-~-’vm];EC2[Vm+la-- 7Vn]

— Ue;ECQ[Vm-l-la--an}
L) CQ[Vm-‘rl)"'aVn]
Therefore, we have Uy = Ca[Vin41, - -, Va] and Uy = Ca[Vint1, - - - , Va] satisfies the required

condition.

- Cases for other rules: Similar to the corresponding cases of (C1). O
Proof of Lemma B.1 (15). By Lemma B.7 and Lemma B.2. O

Lemma B.8 If o1 T o, then (p1)"¢ < (p2)".
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Proof Since the subeffect relation C has been defined as the partial order given by E° C 0 C T and
E?C E C T in Section 3.2, it is sufficient to show F&0 < 0 < pa.a and F&0 < F < pa.a.

E&0 < 0 and F&0O < FE follow immediately from E&0 =< 0,F&0 =< FE and the definition of
subusage (Definition 3.5). By Lemma B.1(16) and U < U, we have U < pa.« for any usage U. So, we
get 0 < pa.av and F < pa.a. O

B.2 Basic properties of type judgment relation

We introduce several notations for convenience. For type environments I'y and I's such that dom(I'y) =
dom(T), we define T'y @ 'y by (T'1 @ I's)(x) = T'1(z) @ Ta(x). Moreover, we define ' @ ) = @ T =T.
Next, we write I'; < T'g, if dom(T'1) = dom(T'2) and Vo € dom(T'1).I'1(z) < T'a(x). Note that, if 'y < Ty,
then I'y <, I's holds for any ¢.

Finally, we define U.7 as the type obtained from replacing the usage of 7 with U, that is:

Ubool =bool  U.(o7 L 00, U") = (01 % 05,U)  U.(R,U') = (R,U).
Lemma B.9 (Inversion)
1. IfT || ok true: 6 or T || o+ false : 6, then § = bool and I’ <¢ () and ¢ C 0.
IfT |k a:6 thenT <gx:<d and ¢ C 0.
IfT || o - new®() : §, then T <o 0, ¢ T 0 and there exists U such that U C [®] and (R,U) < 4.

e

IfT || ¢ - acc*(M) : 6, then 6 = bool and there exist I'y and @1 such that Ty || o1 F M : (R, a)
and I’ <, T'y and ¢ E ¢y.

5 IfT || ¢ Fif M; then M, else Ms : §, then there exist I'1,T'a, @1, p2 and d1 such that Ty || 1
M, :bool and Ty || o= Mz : 61 and Ty || oo M3 : 61 and T <,,.,, T'1;T2 and ¢ T ¢15¢92 and
o1 < 6.

6. IfT || o Flet x = My in My : §, then there exist T'1,Ta, 01, p2,01 and d3 such that Ty || o1 F
My :01 and T,z : 01\ E || o2 = My : 02 and I’ <., I'1;T2 and 62 < 0 and ¢ T (¢1;92).

7. If T || ¢ F fun(f,z, M) : 6, then ¢ T 0 and there exist U,Uy,01,01,02, I'1 and @1 such that
Fl,fl(él &(52,(]1),37:0'1 H ®1 [ MZ52 and 51 S (O’l\E), (51 ¢—1>52,U) S 6 and T So
fun
(U, U\ E,0(T1\ E))”

8 IfT || o= M1 Ms : 6, then there exist I'1,Ta, 01, 02, 3,01 and 62 such that Ty || o1 = My : (61 s,
62,1) and Ty || o2 = My : 61 and T <(gy00)505 (T15T2); (03)"%¢ and ¢ T (@15 2); @3 and d2 < 6.

9. If T || o M1} then there exist Ty, 1,09 and o1 such that Ty | o1 F M6y and T <, 4,1
and o C 1 and 02 < 4.

10. IfT || o+ raise: d, then T <p () and p C E.

11. If T || ¢ F try My with M, : 6, then there exist T'1,Ta, 1,02 and 61 such that Ty || o1 = My : 6,
and Ty || g2 = Mo : 61 and T <y, 0, (T1:8T2) and ¢ C @135 @2 and 61 < 6.

Proof From the typing rules. O
Lemma B.10
(1) IfT || o Fv:d and Useg(d) < 0, then, for all x € dom(T'), Useo(T'(z)) <0 and ¢ C 0.

(2) IfT || ¢ & EFY[raise] : 6, then, for all z € dom(T"), Usep(I'(z)) < E and ¢ C E.
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Proof (1): Follows immediately from Lemma B.9(1, 2 and 7).
(2): By structural induction on Y. We show a few representative cases below.

e Case MY = []. By assumption,
T || ¢ F raise:é.
By Lemma B.9(10), we have ¢ C F and I <g ), which implies that Vz € dom(T").Useg(T'(x)) < E.

o Case &MY = acc“(Eny). o
|| ¢ Facc®(E] Y [raise]) : 6
By Lemma B.9(4), there exist I'1 and ¢ such that I'y || ¢1 F ény[raise] :(Rya)and T' <, Ty
and ¢ C ¢;.
By the induction hypothesis, we have @1 C E and Useg(I'1(z)) < E for all z € dom(T'y).
Therefore, we get ¢ C 1 C F and

{ Vo € dom(T'1). Useg(T'(z)) < Usep(T'1(x)) < E
Vo € (dom(I') \ dom(I'1)).Useg(I'(x)) < (p1)*** < E

o Case £ = if £V then M, else Ms.
| ¢Fif SITy[raise] then M else Ms : 6

By Lemma B.9(5), there exist I'y, s, 1,2 and 6; such that T'y || ¢1 F 5ﬁ[raise] : bool and
FQ || (pQ F MQ N 51 and FQ || CPQ F M3 N 51 and F §@1;¢2 Fl;rz and (p E @1;902 and 51 S 5

By the induction hypothesis we have o1 C E and Useg(T'1(x)) < E for all € dom(T'y).
Therefore, we get ¢ C 1500 & E;00 = E,

Vo € dom(T'1)(=T2).Useg(T'(z)) (Useg(T1(x)); Useg(T2(x)))
(B; Usep(I'a(x)))

E (by Lemma B.1(10))

INIAIA

and, by I <., I'1;T'2 and Lemma B.8
Vo € (dom(I') \ dom(I'y)).Useg(T'(z)) < (¢1;p2)*c
S (E;@Z)use
= (E)*¢=E.
O

Lemma B.11 If T || ¢ = M : 4, then there exist I' and ¢’ such that T < TV and ¢ < ¢ and
I"|| ' =M :6 and (Usey (I (x))\ E) ® (¢')*¢ < Usey (I (2)) for all z € dom(I”) .

Proof By induction on the derivation of T' || ¢ F M : 4.

e Case: I' || ¢ b M : 6 is derived by rule (T-ConsT). By (T-CoNST), we have I' = ) and ¢ = 0.
Therefore, I =T and ¢’ = ¢ finish this case.

o Case: I' || ¢ = M : 6 is derived by rule (T-VAR). By (T-VAR), we have I' =  : &6 and ¢ = 0.
Since 6\ E =2 ¢ and (Od)\ E < O(6\ F) hold, we have (¢§)\ E ® (0)**¢ < <4§. This finishes the

case.

39



Case: I' || ¢ F M : § is derived by rule (T-NEw). By (T-NEW), we have I' = ) and ¢ = 0.
Therefore, I =T and ¢’ = ¢ finish this case.

Case: T' || ¢ = M : ¢ is derived by rule (T-Acc). By (T-Acc), 6 = bool and there exist M; and a
such that M = acc*(M;) and T || ¢ F M7 : (R,a). By the induction hypothesis, there exist TV, ¢
such that

<1’  o¢<¢ TI'[¢FM:(Ra)
v € dom(I").( Useg (T'(2)\ B) ® ()25 < Usey (I ()
So, by (T-Acc), we get TV || ¢’ = M : §. This type judgement satisfies the required condition.

Case: T' || ¢ = M : ¢ is derived by rule (T-IF). By (T-IF), there exist I'y, I's, @1, 2 , M1, M> and
M3 such that

M = if M, then M, else M3
F1||()01}_M12b001 PQHQDQ"MQI(S FQHQDQ"MgZ(S
F=I'yle p=91502

By the induction hypothesis, there exist I'}, ¢} and '}, ¢4 such that
r, <1 w1 < ¢ T} || ¢} F My : bool
o<y pe<py  TolpgbMa:d  Thflgpb Mg:d

Va € dom(T").(Usey (T (2)\ E) ® (1) < Usey (T (2)) (1)
Va € dom(T'y).(Usey, (T(2))\ B) ® (95)"* < Usey, (Ty(x)) (2)

So, by (T-IF), we get T');T% || ©}; 95 F M : 6. Here, by Lemma B.1(19), the expressions (1) and
(2), the following relation holds for all z € dom(I'}) = dom(T'%):

(Use (o) (T T5)(2)\ B) @ (975 95)"%¢ < Use(pr0) (T153T5)(2)).
Thus, the type judgment relation T';T% || ©}; @5 F M : 6 satisfies the required condition.
Case: T'|| ¢ = M : § is derived by rule (T-LET) or (T-APP). Similar to the case for (T-IF).

Case: T'|| ¢ F M : § is derived by rule (T-FuN). By (T-FuN), there exist I'y, U, Uy, 61,92 and
1 such that

I=AWUNpornmy ¢=0 3)
By Lemma B.1(7,12), we have
(CWU\NE)\E = OU\E);p0 2 O((U\E);p0) = O(U\ E)\ E) = O(U\ E)
((CO\E)NE = (CU\E)\ E 2 O(((U\ E)\ E) = O((U\ E)) =!/(C(U\ E))
for any U. Thus, we have Useo(I'(z))\ E ® 0 < Useo(T'(z)) for all z € dom(T).

Case: T' || ¢ = M : ¢ is derived by rule (T-Now). By (T-Now), there exist I'y,  and M; such

that I' = 4,I'y and M = Ml{x} and T'; || ¢ H My : §. By the induction hypothesis, there exist
I}, ¢} such that

I <IY 01 < ¢} Ty || ) = M:é
Yy € dom(T).(Usegy (CLp)\ E) ® (#})" < Usei, (T4 (1), (1)
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So, by (T-Acc), we get 4,1 || ¢) = M : 6. Here, by Lemma B.1(18,9,14) and the expression (4),

we have

(#Usey (LN E © ()" < #(Useyy(T(0)\ E) @ $(¢1)" by Lemma B1(14,15)
< #((Usey ( LT\ E) @ (¢})"5e) by Lemma B.1(9)
< #Usey (T(2)) (4)

Therefore, the type judgment 4,1 || ©) F M : § satisfies the required condition.

Case: T' || ¢ = M : § is derived by rule (T-RAISE). By (T-RAISE), we have I' = () and ¢ = F.
Therefore, IV =T" and ¢’ = ¢ finish this case.

Case: T' || o F M : ¢ is derived by rule (T-TRy). By (T-TRY), there exist 'y, T'a, @1, @2 , M
and M5 such that
M = try M; with M,
F1||(p1|_M125 FQH()DQI_MQ:(S

By the induction hypothesis, there exist I, ¢} and I',, ¢} such that
STy <y Tyl EMc6
Ly <TY P2 < Ty | po b Ma:d
Vo € dom(I').(Usey (T (2))\ E) @ (1)"* < Usey (I'y(x)) (5)
Vo € dom(Ty).(Usey, (Ty(2))\ E) @ (05)"* < Usey (I'y(2)) (6)
So, by (T-TRY), we get T';5 1% || @158 05 B M : 6. Here, by Lemma B.1(19)(2),(5) and (6), the
following relation holds for all z € dom(T"}) = dom(T'%):
(Use(eimey) (T3 T) (@)\ B) ® (0138 05)"* < Use (gm0 (P52 T2)(2).

Thus, the type judgment relation I';; g TS || @158 @5 = M : § satisfies the required condition.

Case: ' || ¢ = M : 6 is derived by rule (T-WEAK). By (T-WEAK), there exist o1, I'1, §; such
that o C ¢y and I' <., T'; and 6; < 0 and I'y || 1 = M : 6;. By the induction hypothesis, there
exist I}, ¢} such that

i<y @i <¢y Tl Mo
(Usey (T1(2)\ E) @ (#1)"*° < Useyy (T (2)) (7)
Here, for 1, ..., 2z, € (dom(T') \ dom(I})), we can construct a type environment I'}
I =T a1 (@) (C(@1)), - 2 (01)"(F (@)

Operators U.T used above are defined in the first sentence of Appendix B.2. Then, by (T-WEAK),
we have dom(I') = dom(T'{) and I'Y || ¢} F M : §. By LemmaB.1(17) and (7), letting I = T'{ and
¢ = ¢} finishes this case. O

Lemma B.12 IfTz:01 || o M : 6, then T,z : (01\ E) @ (p)** || o - M : 0.

Proof By Lemma B.11, there exist I, o] and ¢’ such that T' <T” and 0 < ¢’ and ¢ < ¢’ and

IMaz:oi | FM:0o and (I"\E) ® (¢')*se <T” and (ci\E) ® (¢')**e < of.

Hence, we have I,z : (¢]\ E) ® (¢")**¢ || ¢' F M : ¢ by (T-WEAK). It follows that I',z : (01\ E) ®

()¢ || o M:6from T <T", 0 < 0', p < ¢ and (T-WEAK). O

Lemma B.13 IfT'y <, Ty, then T'y; (¢')"*¢ <(4ipr) T2; (¢7)"C.
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Proof By definitions of I'y <, I'y and the subtype relation. O

Lemma B.14 If U, < 1, then Afun < Afun y®T.

(U1,U2,I") = = (U2,U2,I"
Proof By U; < 1, we have 1 € [U;]. If 1 € Uy and [U;] C {¢ 1,1}, then A?I}?,UZ,F) =T and
AR,y = 0. Therefore, A?&?,Uz,f‘) = Af‘[};Uz,F) ®@T = T. In the case where either 1 € U, or
[U.] € {e,i,ll} holds, A?I}?,Uzr) =II" and 'IT" < Af‘[}’;’[br) hold. Hence, we have A{E?,Uz,F) =I' <
rer<Afn @ O

Lemma B.15 If T || ¢ b v : §, then there exists a type environment I such that T < OTY and
OV || gk w:d.

Proof A value is either a boolean value (true or false), a variable or a function.

e Case v = true or v = false.
T'||¢Fwv:bool

I'=xz:01,...,2, :0n
By Lemma B.9(1), I' <o @ and ¢ C 0 hold. By I" <g 0, we have
T1:01,...,Tn:0p <x1:0.01,...,25:0.04.

Let 'y =21 :0.01,...,2,:0.0,,. Then, from &0 = 0, it follows that I' <T'; = OT'y.
Moreover, by ¢ C 0, (T-ConsT) and (T-WEAK), we have

21:0.01,...,2,:0.0, || ¢ F v : bool
Hence, we get OTI'1 || ¢ F v : bool. IV =T'; finishes this case.

e Casev=u
PlekFa:o

I'=xz1:01,...,2, : 0
By Lemma B.9(2), we have 1 : 01,...,2, : 0, <o 2 : & and ¢ C 0 hold.
By z1:01,...,2n:0, <g x:<4, there exists ¢ such that ; = z and 0; < ¢d and 0; < 0.0; (7 # 7).

Let T'y = 2 : 6,25, : 0.05,,..., 2,y : 0.0, {1,.,i— Lii+1,.,n} = {ji,.,fn1)}. Then,
from ¢0 = 0, it follows that I' <T'; = ¢TI

Moreover, by ¢ C 0, (T-VAR) and (T-WEAK), we have OI'y || ¢ F v : §. IV = I'y finishes this
case.

e Case v = fun(x, f, M)
Tl etfun(f,z,M): 0

I'=xzy:01,...,2, : O

By Lemma B.9(7), ¢ C 0 and there exist U, Uy, 01, 01, 62, I'1 and ¢1 such that 'y, f: (91 RN Uy),
w0 || o1k M:6y and 6 < (01\ E) and (§; == 62, U) < 8 and T' <o Afi 1\ g oo m)-

Here, by I <q Af‘g,f‘Ul\ B.0(Iy\ y): We can assume
Fi=x1:011,..., 08 s o1 (K<)

without loss of generarity.
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By ¢ £ 0, (6, 25 6,,U) < 6, (T-WEAK) and (T-FUN), we have

. fun . fun
21 AU B0\ )2 T AU BB | o - fun(f, 2, M) : 6
Tiy1 : 0.0k41, ... 2y 1 0.0y,

Here, by the definition of A{‘(}“Ul\ B.0(01:\ B)) and ¢0 = 0 and Lemma B.1(7), we have a type of;
such that Af‘[}f‘Ul\Evo(ﬂM\E)) > Oo); (1€{1...n}).

Therefore, we have o, ..., 04, such that
x1:O0ly, ..,z Oy, | o+ fun(f,z, M) : §
Trt1 ¢ (0.0k41)y ..o, Zn : (0.04) T
Hence, I' = z1 : 04, ..., 2k : 013, Tht1 : (0.0k41), ..., 2y ¢ (0.0,) satisfies the required condition.

B.3 Proofs of Lemmas 4.2 and 4.3

In this section, we prove Lemmas 4.2 and 4.3.

Proof of Lemma 4.2.

- For the first part, by ¢ F (H,v), we have

z1: (R UL,y (RU,) | @Fv:d
dom(H) ={x1,...,zn}
[U1] € H(z1),-..,[Us] C H(zy)

From Lemma B.10(1), it follows that U; < 0,...,U, < 0. Therefore, we get | € [0] C [U;] C
H(z;) foralli € {1,...,n}.

- For the second part, by ¢ F (H, £7Y[raise]), we have

z1: (RUL), ...,z (R, U) || @ F E7Y raise] :
dom(H) ={x1,...,zn}
[U1] € H(z1),-..,[Us] C H(zy)

From Lemma B.10(2), it follows that Uy < E,...,U, < E. Therefore, we get | € [E] C [U;] C
H(z;) for alli € {1,...,n}.
Proof of Lemma 4.3. Evaluation of a well-annotated term may get stuck only in the following three

cases:

- Case M = E[acc®(v)] and v is not a variable. By ¢ F (H,E&[acc*(v)]), there are x1,...,%,,
Ui,...,U, and ¢’ such that

z1: (R ULy oy zn s (R, UR) || ¢ F ace®(v) : bool
dom(H) ={z1,...,z,}

Hence, by (T-Acc), v must have a resource type. Therefore, v must be a variable, hence a
contradiction.
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- Case M = E[v1vs] and vy is not a function. By ¢ + (H, E[vyv9)), there are z4,...,2z,, Ur,..., U,
and ¢’ such that
z1: (R UL,y sz s (R,UR) || ¢ B w102 - bool
dom(H) ={z1,...,zn}

Hence, by (T-APP), v; must have a function type. Therefore, v; must be of the form fun(f’, z', M'),
hence a contradiction.

- Case M = £[if v then M; else M;] and v is a not boolean.

This case is rejected by a similar argument. O

B.4 Substitution Lemma

We will the following substitution lemma:

IfTy,z:01 || 1 M:02 and g || O F v:o1\ E and dom(T'1) = dom(Ty) then I'y @ Ty ||
o1 b [v/z]M : 8s.

Unfortunately, this property cannot be directly proved by induction on the derivation of I'y,xz:07 || 1 F
M : 5 — the type environment I'; ® I's in the conclusion is too weak when that statement is used as the
induction hypothesis. Thus, we strengthen the property for induction to work.

For this purpose, we first extend usage expressions by introducing a new usage (U;|Uz) which is
similar to U; ® U but synchronizes on the transition E. We then prove the following properties (Lemma
B.19 and B.22)

Ty, z:my: 7y || o1 B M: 02, then I'y,y : (1y|72) || 1 & [y/x]M : ds.
and

If Fl,f . ((Tf,Ul) || (pl F M . 52 and FQ || 0 F fun(f’,:c’,M') . (Uf,].), then F1|(U1 ® Fg) ||
¥1 F [fun(f’,x’,M’)/f]M : 52

Here, U; ® I'y, which intuitively means multiplication of I'y by U;, will be defined later. Using these
lemmas, we can prove the substitution lemma.
We introduce a new expression (U;|Us) to the syntax of usage expressions

U:.=--- | (U1|U2)

Then, the structural pre-order on usages U; = U, and the transition relation U LN U, are extended:

Definition B.2 (Additional Pre-order relations for (U;|Uz)) The relation < on usages is extended
to the one closed under the additional relations (recall that Uy = Uy means Uy = Us and Uy < Uy ):

<>(U1|U2) = <>U1|<>U2 (U1|U2) = U2|U1 0= (0|0)

Definition B.3 (Additional Usage Reduction rules for (U,|Us)) The transition relation on us-
ages is extended to the one closed under the additional relations:

LUl 128 U SU U, B Uy
iU, & UU,  Th|Ux 2 UY|US

The second rule means that (U;|Usz) has a transition labeled E if both usages U; and Us can make
transition on F simultaneously.
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Note. I general, we must prove old lemmas (like Lemma B.1) again for the new usage expression
(U1|Uz2). However, we omit those proofs since these are similar to the case Uy ® Uy of corresponding
lemmas

From here, we use notations A{‘[}“Ul U and Af‘[}“Ul o) which are defined in a manner similar to

Af‘[;‘fUl r) as follows:
. 0 ifl1¢][Us]
Amooy =4 U @QeU]c{e1,11HA[ME[U])
IU otherwise

0.0 if1¢[Us]
A roy=4 0 (QelUlc{eL1IH)AQLEIU])

lo otherwise

Here, 0.0 is defined at the beginning of Appendix B.2.

Moreover, we add o1|o2 and I'1|T's to the binary operations on types and type environments in
Definition 3.11. Here, the operations o1|os and I'; [Ty are defined in a manner similar to other operations
in the definition, namely ;. &, ;5.

Lemma B.16 The subusage relation < satisfies the following properties:
1. (U1;U2)|(Us; Us) < (Uh|Us); (Ua|Us),

- (U138 Us)|(Us;e Us) < (Ur|Us);E (Uz|Us),

. (U1\U2) <N(U4|Us),

- ($UL|#U3) < $(U1|U2),

- (

(@)=l () ) < (@)=

2
3
4
5
6. Uy @ U < Up|(Uz @ (9)**¢) for any .

Proof Similarly to the proof of Lemma B.1.

Lemma B.17 IfT || ¢ - M:6, then there exist T and ¢’ such thatT' <T' and ¢ C ¢" andT" || ¢’ F M:6
and ((Usey (I"(2)))|(¢")"5¢) < Useyr (I'(z)) for all x € dom(I") . O

Proof Similar to Lemma B.11

Lemma B.18 IfTx: 01 || @F M : 6, then T,z : (o1|(p)“*¢) || o b M : 4.

Proof By Lemma B.17, there exist I, o] and ¢’ such that I' <T" and ¢ < ¢’ and ¢ < ¢’ and
Mol ¢ FM:6  and  (D@)") T and  (o}l(¢)") < ol

Hence, we have I,z : (o7](¢’)"5¢) || ¢’ F M : 6 by (T-WEAK). It follows that ',z : (o1](¢)**¢) || ¢ F
M:6fromT <TI", 0 <o, ¢ <¢ and (T-WEAK). O

Lemma B.19 (Substitution of Variables)
IfT y:0y,x:0, || o= M : 6 and og|oy is well-defined, then T,y : (oy|os) || ¢ F [x/y]M : 6.
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Proof By induction on the structure of M. We show a few representative cases below:

- Case M = try M, with M, By Lemma B.9(11), ¢ T ¢1;£ @2, there exist I'1,I's, 0y1, 0y2, 021, 022,
02,1 and o such that I' < I';;p s and 0, < 04158042 and oy < 0y1;E0y2 and d2 < 6 and
© E 158 p2 and

T,y 041,20 041 || 1 F My 2 02
Lo,y :0y2, @042 || o2 My : 02

Thus, by the induction hypothesis, we have

Ly (oyiloa) || 1 - [y/=] My : 62
Lo,y : (0y2lo2) || w2 b [y/x] My : 6.

By rule (T-TRy),
Iisp Ty (0yil|oe1)se (0y2low2) || w158 02 F try [[y!]/z]M; with [y/z] M.
By Lemma B.16(2),

(Jy|0:r) < ((UyUE Uy2)|(‘7x1§E 0z2)) < (Jy1|‘711)5E (Uy2‘0x2)'
By (T-WEAK) and ¢ C ¢1;5 @2 and d2 < §, we have

L.y:(oylox) || ¢t [y/z](try My with M) : 6.

- Case M = fun(f, z, M;). By Lemma B 9(11), ¢ C 0 and there exist U, U1, 01, 01,02,1'1, 041,041
and ¢; such that §; < o1\ F and (51 % 09, U) < 6 and

D1,y 0y, @ 0p, f: (61 25 89,Uy), 2200 || o1 = My : 69

and T <g Af® < Afu < Afu

(U Ui\ E,0(I1\ E)) and oy (U Ui\ E,0(041\ E)) and oy (U Ui\ E,O(001\ E))

Then, by the induction hypothesis, we have
T,y (oyloe), f1 (61 25 62,U1), 201 || @1 b [y/x] My : 62
By rule (T-Fun),

fun . fun
A(II},UI\E,(O(Fl\E)))ay . A(?J,Ul\E,(O((ayl\all)\E))) || 0
- fun(f, 2, [y/2]My) : (51 = 65,U)

Then,

Tz|oy (Awl,Uz\ 2,00y BN A0 B,0(0011 B))

Agvl,vz\E (S(y1\ B)[O (a1 E)))
AT U2\ B,(0((0y1\ B) (021\ B)))
Afun

(U1,U2\ E,(©((oy1]|oz1)\ E)))

by Lemma B.16(3)
by Definition B.2
by Lemma B.16(2)

IA N IAIA

Hence, by (T-WEAK), (6; 25 85,U;) < 6 and ¢ C 0, we have

Ly :(oylow) | ¢ b ly/al(fan(f, 2, My)) - 6. O
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We will give the substitution lemma for function values. In order to prove the lemma, we define
UoU,Ue®Tand U®T as follows:

UoU =pa.a/a,U/1IU UOT=pa.cjfa,7/1IU UOGT = [pa.aja,T'/1)U

where, [pa.a/a]U means the usage expression obtained by replacing all occurrences of access label a in
U with po.o.

For example, (1&(1; E)) ©(R; C) = (R; C)&(R; C; E) and (1&E)® (z: (R, R;C),y: (R, (W&0)),z:
bool) = z: (R, (R;C)&E),y: (R, (W&0)&E), z:bool, (1;W;C)® (R;C) = R; C; (ua.a); (pa.a).

Lemma B.20
1. If Uy < U,, then Uy © QU < U; 0 OU.
2. If Uy < Us, thenU 0 U; < U © Us.

Proof Similar to Lemma B.1. O

Lemma B.21 IfU 2 U\ E, then the followings hold.

1.0<U®O0
fi fi
2. A(B{IUQ,Ul) < Uo A(lll,?&,Ul)

Proof We assume U 2 U\ E and define a function on usages as follows:

0 if 1¢][U]
Timespun(U) =<1 1 if 1€[U] C{e 1,11}
11 otherwise

By U 2 U\ E, [pa.a/a]U can make only 7 or 1 transitions. Hence, we have Timespy, (U) < [pa.a/a]U
by the definition of Timesm,,(-). Moreover, [ua.a/alU @ U’ = U ® U’ holds by the definition of U © U’.
So, we have Timesp,,(U) @ U’ <U @ U’ for any U,U’.

We first prove 1 as follows
0 =<0 = [Q0/1](Timespyy (U)) < [ua.a/a,00/11U =U  (©0) =U © 0.
Next, we prove 2.

e Case 1 ¢ [U]: By Lemma B.20(1),

A,y = 0 - (0© A?ll’tih’Ul)f) h
= (Timespun(U) ® A(lf,I;Jg,Ul)) sUo A(lll’lbz’Ul))
e Case 1€ [U] C{e 1,1/} and 1 ¢ [U3]: By Lemma B.20(1),
Afl[}?Uz,Ul) = U - (1o = (1f® A?ll’rbz’Ul)) fi
= (Timespun(U) ® A(lll,r(lfz,Ul)) <o A(III’I;JZ’U”)

e Otherwise: By Lemma B.20(1),

Af‘[}"‘UQ’Ul) = =20, =M @Af‘ll"b%Ul))

= (Timespun(U) ® A{?,I;JQ,UI)) <{Uo Af‘l"’bz’Ul))
Lemma B.22 (Substitution of Functions)

IfTy, (051 25 60, Un) || 1 b M:65 and Ty || o = fun(f/, 2/, M): (851 25 859, 1) and dom(I'y) =
dom(T'2) and T'1|Ty is well-defined, then T'1|(Uy @ T2) || ¢1 F [fun(f’,2', M")/fI1M : 5,
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Proof By induction on the structure of M. We show a few representative cases below:

e Case M = try M; with Ms. By Lemma B.15, there is ') such that

dom(T%) = dom(Ty) Ty < OTY
O || o b fun(f/,a', M) : (851 25 659, 1).

By Lemma B.9, there exist I'y1,1'12, Ur1, Urs, 53,(,011 and 12 such that I'y < T'y3;5 T2 and
Ui < Ui Uz and 63 < 2 and @1 C @12;E 12 and

dom(l"n) = dom(Fl) Fll,f . (5f1 Lp—f> 5f2,U11) H ¥11 F M1 :(53
dOTn(Flg) = dom(l“l) F127f : (61‘1 ﬂ) (Sf2,U12) H P12 F Mg : 53

By the induction hypothesis, d3 < d2 and (T-WEAK), we have

L11|(Unn © OTg) || w11 = [fun(f’, 2", M)/ fIM; : 62
L12|(Ui2 © OTg) || @12 F [fun(f', ', M")/ f]M> : da.

By rule (T-TRyY), we have

(F11[(U11 © ©T%));E (T12|(Ur2 © OT%)) || 156 p2
F try [fun(f’,«', M")/f]M; with [fun(f’,2', M)/ f]Ms : .

By Lemma B.16(2) and (T-WEAK), we have

(T11;8T12)| (U1 © OT%);5 (U2 © OTY)) || 158 @2
F tI‘y [fun(f/,x/aM/)/f]Ml with [fun(f/>$/7M/)/f}M2 : 52

In general, for any U, it holds that (U1; ©® U);g (U2 © U) = (U11;5 U12) © U. Hence, we have

(T3 T12)| (U138 Ui2) © OT%) || v1:8 @2
try [fan(f, 2/, M)/ fIM; with [fan(f',a’, M")/fMs : 5

By Lemma BQO(I), (T—WEAK) and Fl < Fll;E Flg and U1 < Ull;E U12 and ©®1 C P115E P12, We
have
[ |(U; @ OT%) || o1 F [fun(f', 2, M")/ f](try My with M) : §s.

By (T-WEAK), Lemma B.20(2) and I'y < OI'), we get

[y |(Up ©T9) || @1 & [fun(f' 2", M)/ fl(try M; with Ms) : 6s.

e Case M = fun(g, z1, M1). By Lemma B.15 and (T-FUN), there is I'; such that

dom(T%) = dom(Ty) Ty < OTY
OTY || O F fun(f’, ', M") : (651 2L 659, 1).

By Lemma B.9, we have ¢1 C 0 and there exist '}, U7, U,, Uy, dg1 and 042 such that §; < o1\ E
and (55]1 ﬁ> (55]2, U) S (52 and
L1 <A v moapney U1 SAR v mowp ey — dom(T) = dom(IY)

].—Vl,fl ((5f1 Sa—f> (5f2,U{)7g : ((591 (p—g> (592,Ug)71'1 01 || Pg = M1 : 592.
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By (T-WEAK) and dom(T)) = dom(T'}), we have
OTY, g : (6,1 225 6,49,0),21 : 0.0y || O F fun(f, 2/, M) : (651 <5 649, 1).
So, by the induction hypothesis, we have

(U] © OT%)), g+ (3g1 =% Sg2, (Uy| (U] ©0))), 21 : (Use(a1)|(Uf ©0)).01 || o
F [fun(f’, 2", M)/ f]M; : 6go.

Here, for any U, U’, it follows that

U\E (U\E)®0 < ((U\ E)0) < ((U\E)|(U\E)©0) = ((U\E)|(U'©0)\ E))

< (U oo\ E (8)

from Lemma B.21(1) and Lemma B.16(2,6). So, we have 6; < 01\ E < ((Use(01)|(U; ©® 0)).01)\ E.
Therefore, from (T-FUN), it follows that

un Pa
Aon,((Ugl(U{QO))\E),<>((F;|(U{@<>r/2))\ E)) |0 fun(g, 21, [fun(f’, 2", M")/ fIMy) : (61 = 042, Uo).

By (691 LP_Q’ 6g2u U) S 52 and fun(gaxla [fun(f/7$/a M/)/f]Ml) = [fun(f/7xl7 M/)/f]fun(g7x17 M1)7

AT (w,lwieon B0y wieory By | 0 [fun(f’,2’, M")/ flfan(g, 21, My) : 6.

holds.

Therefore, we have

N(U o) < Ti|(U 6 OoTY) (by (T-WEAK))
< r1|Afg§,Ug\E,Q(U{\E)) © OTh) (by Lemma B.20(1))
= F1|Afllljr:,Ug\E,<>((U{®<>F/2)\E)) (by Definition of ®)
< AR U B mplATE U Bo(Uieory) B) (by (T-WEAK))
S AL\ o BIEUIET,)\ 1) (by Lemma B.16(3))
S Ao, Bo(T\ BI(U{00TH\ E)) (by Definition B.2)
S BT\ BO((T (U 00TH)\ BY) (by Lemma B.16(2))
S AL 0,000\ B,o((T4(U;00TH)\ B) (by the equation (8)).
So, we get

Fll(Ul © F2) || ®1 + [fun(f’, Z’/, MI)/f]fun(ga I, Ml) : 62'
Case M = M1 M,. By Lemma B.15, there is I'}, such that

dom(Tg) = dom(T%) Ty < OTY
OL% || o F fun(f’, 2", M) : (0, 1).

By Lemma Bg, there exist Flla ].—‘217Uv117 Ulg, P11, P12, L3, 51 and 53

such that I'y < (T'11;T12); (¢3)"*¢ and Uy < (U113 Ur2); (03)**¢ and ¢ < (@115 @12); @3 and d3 < s
and

dom(FH) = dom(Fl) F117f : (O’f,Ull) H P11 H M1 : ((51 Lp—3> (53, 1)

dO’m(Flg) = dom(Fl) Fm,f . (O’f, U12) H P12 + Mg : (51.
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By the induction hypothesis, we have

F11|(U11 ® <>F/2) || P11 F [fun(f’,ac’,M’)/f]Ml : (61 Lp—3> (537 1)
Lio|(Urz © O%) || 12 & [fun(f’, o', M")/ fI M : 6.

By rule (T-APP), we have

(F11](U11 © ©T9)); (T12| (U1 © O1%)); (93)"* || ¢11; 125 93
F ([fan(f', 2", M)/ fIML) ([fan(f', 2", M") / f1M2) : 03.

By Lemma B.16(1) and (T-WEAK), we have

(T11;T12)[(Ur1 © ©OT'5); (U2 © ©T'%))); (03)"° || @115 ¢12; 93
F ([fun(f/7x/7 M/)/f]Ml)([fun(f/v $/7 MI)/f]MQ) : 53'

By (T-WEAK) and Lemma B.16(1),(5), we have

((T115T12); (93)"*) (U © OT%); (Ur2 © OT%)); (¢3)"*°) || @115 @12: 93
- ([fun( 7, ', M%)/ f)My) (fan( 2!, M) M) - 6

In general, for any U and ¢, it holds that (U1 @ U); (U2 @ U); ()“*¢ = ((U11; U12) ©U); (p)"5€ =
(U11;Uz2; (9)"*¢) ©® U. Therefore, we have

(P15 T12); (93) ) [((Ur1; Ur2); (03)"*¢) © OT')) || 115 0125 03
= ([fun(f’, 2", M")/ f]My)([fun(f, 2", M")/ f]Mz) : 03

Finally, by Lemma B.20(1), (T-WEAK) and I'; < (T'11;T12); (03)%%¢ and Uy < (Uyg; Uss); (¢3)4*©
and 1 C (p11; @12); 3, we have

D |(U1 © OTY) || @1 F [fun(f', o', M")/ fl(MyMy) : 6.
By (T-WEAK), Lemma B.20(2) and I'y < OI'), we get

T1|(Ur ©T2) || @1 F [fun(f', 2, M)/ fl(My My) : 6.
0

Lemma B.23 If T || ¢ + fun(f,z, M) : (6, 25 65,U) then there exists T’ such that OT' || ¢ F
fun(f,z, M) : (6 25 6,,1) and T < U ® OT.

Proof By Lemma B.9(7), there exist Uy, o1, I'; and ¢ such that

51 S Jl\E (9)
I <o A\ B0\ B) (10)
Ui, f: (0025 6, U1),x 00 | oF M : 5y (11)

By (T-FuN), (9) and (11), we have
un Pr
AR Bom gy | OF fun(f,z, M) : (6 =5 65,1)

Here, from Lemma B.1(7) and Lemma B.21(2), it follows that

fun fun ~ fun

I' <o A@un pownm) SUOAGTDN Bor ) =U O (CAGY £ B)))-

So, IV = At("‘llfl‘Jl\E7(Fl\E)) finishes this case. O
Now, we are ready to to prove the following substitution lemma.

Lemma B.24 (Substitution Lemma)
IfTy,z:01 || o1 B M:02 and Ty || w2 b v:o1\ E and dom(T1) = dom(T3) and T'1 @T'y is well-defined,
then ' @ I'y || ©1 + [’U/JZ]M : 09.
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Proof We prove this lemma by case analysis on value v.

e Case: wv is either true or false. The conclusion follows by straightforward induction on the
derivation of I'1,z 101 || o1 F M : 6a.

e Case: v is a variable y.

We assume y € dom(I'1) without loss of generality. We therefore assume I'y =T'11,y : gy,

Ti,y:og,z:01 | o1 M:oo (12)
FQ || (%25} }—y:al\E. (13)

By applying Lemmas B.12 and B.18 to the type judgment (12) above, we have
T1l(p1)*),y oy, 22 (1\ B) @ (91)** || o1 b M : 6, (14)
By Lemma B.19, we have
(T1al(01)**)sy = (g ((02\ B) @ (92)*)) || o1 F= [y/2] M : 6. (15)
By applying Lemma B.9 to the type judgment (13) above,
Iy <y, y:<C(\ E)
Then, by Lemma B.13,
D25 (01)"¢ <(0ip1) ¥ Q(o1\ E); (1) <y O(o1\ BE) @ (1) <y (01\ E) ® (p1)"°¢

Thus, we have
T2; (01)" <(ospy) ¥ : (01\ E) @ (1)"". (16)
Now consider the type environment I'1[(I's; (¢1)"*¢), where I'y =T'y1,y : 0. By (16),

(L1](T25 (1)) (y)

(T1](T2; (1)) (2)

AN A

(T11(1)"*¢)(2) if 2 £y
Therefore, by (T-WEAK), we have

L1|(T2; (02)") [ 1 F [y/x]M : b
By Lemma B.16(6) and T'1|(T'2 ® (¢1)"%¢) < T'1|(T'2; (¢1)"*¢) we have

Fl ®F2 || ®1 F [y/ac]M : (52.

e Case v is a function fun(f, z, My).

By Lemma B.23, there exists I', such that

Ol || 2 Fv:l.(o1\ E)
Iy < (Ul\E) ® <>Fl2 U, = US@(Ul) (17)
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By Lemma B.22, we have

By Lemma B.12, we also have
T4 (UL © OTH\ E) @ (1)) [ @1 = [v/2]M : 6.

Here, in general, for any U,U’, ¢, it holds that (U\ E) @ U\ E = (U\E)o U and (UG U')®
(p)**¢ = (U ® ¢) @ U’. Therefore, we get

Dy [(((U\ B) @ (1)) © OT%) || 1 b [v/x]M : 65
It remains to show I'y @ T's < T4 [(((U1\ E) @ (¢1)"¢)) ® OT'%), which follows from:

Fl ® F2 é F1|(F2 & (wl)use) (by Lemma B16(6))
< D(((h\ B) © OT'5) @ (p1)"*) (by (17))
< T(((Uh\ E) ® (¢1)"*¢) © OT%)  (by the definition of ©)

B.5 Proof of Lemma 4.4

Lemma B.25 IfT || o Enew®()] : § and z does not occur in € or T, then T,z : (R,U) || ¢ FE[2] : §
for some U such that [U] C ®.

Proof By structural induction on £. We show a few representative cases below.
e Case £E=1].
Enew?()] = new?®()
By Lemma B.9(3), I' <o 0 and ¢ C 0 and there exists U such that [U] C ® and (R,U) < é.
From (T-VAR), we have
z: (R,QU) || 0 F2z:(R,U)
From (T-WEAK), ' <o ) and ¢ C 0, we have I', z: (R,QU) || ¢ F 2z : 6.
[©U] = [U] C @ finishes the case.
o Case £ = (let x =& in My).
Emew®()] = (let 2 = & [new®()] in M))

By Lemma B.9(6), there exist I'1,T's, @1, 2, 01,0, such that I' <,,.,, T'1;T'2 and ¢ T ¢1; 9 and
01 < o;\ E and

Fl || @1 - 51 [l’lqu)()] : 51

FQ,IIUI || 902}—M1:5

By the induction hypothesis, there exists U such that

v1c®
Iy,z: (R, U) || p1 F&1lz] : &1

Hence, from (T-LET), we have
;T2 (RyU; (92)"°°) || 1502 Flet = & [z] in My 1§
Moreover, from (T-WEAK), we get
Tyz: (R,U; (p2)*°) || p Flet o = E[z] in My : §

Here, for any usage U and effect ¢, we have [U; (p)**¢] C [U] since [U; pa.a] C [U] = [U;0] =
[U; E] = [U; (E&0)]. Therefore, [U; (¢2)**¢] C [U] € @ holds as required.

Lemma B.26 If ',z : (R,U) || ¢ F E[acc®(x)] : §, then T,z : (R,U’) || p F E[b] : 6 for some U’ such
that U < a;U’.
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Proof By structural induction on £. We show a few representative cases below.

o Case £E=1].
Elacc(z)] = acc(x)

By Lemma B.9(4), there exist I'1,U, and ¢ such that T'y,z : (R,U,) || 1 F 2 : (R,a) and
I'<, TI'tand U < U, and ¢ E ¢;.

By Lemma B.9(2), I'1,z : (R,U;) <o (R,<a) and ¢; T 0. Hence we have I' <., T'1 <o 0 and
U, <Caand o C ¢y C 0.

On the other hand, by (T-BooL)
0] 0Fb:bool

Hence, by (T-WEAK), I'; <o 0, 1 C 0 and § = bool,
I,z: (R,0) |1 Fb:6.
Therefore, by (T-WEAK), I’ <, I'; and ¢ C ¢4, we have
Iz: (R,0)||oFb:d.
Let U =0. Then U < U, < ¢a < a=a;0 = a;U’ finishes the case.
o Case & = vé&;.

Elacc?(z)] = v& [ace (x)]

By Lemma B.9(8), there exist 'y, I'y, Uy, Ua, @1, 2, 3 and 61 such that ' <., .,.0, T'1;Ta; (¢3)"°
and U < Us; Uz; (p3)"°¢ and ¢ T @13 p2; 3 and

Flax : (Rle) || ®1 Fo: (61 @_3) 671)
Iy, z: (R,U2) || @2 F Erlacc®(x)] : d;.

By Lemma B.15, (T-WEAK), we have U7 such that

U < OUy
Ti,z: (R, QU || 1 o (6 RN 5,1).

By the induction hypothesis, we have U} such that

Us < a; U}
Ty, z: (R, UL) || w2 F ED] : 6y

Hence, by using (T-AppP) and (T-WEAK), we get

[z : (R, OU;US; (93)"°¢) || o FvEb] = 6

Here, by Lemma B.1(3,4) we have

U Us; U; (03)"* < (OU7); (a;U3); (03)"* = (OUY) @ (a; Us; (p3)"*)
((OU]) ® a); (Us; (p3)**¢) = (a @ (OU7)); (Us; (03)"*¢)

a; (OUY); Us; (p3)*°.

I IAIA

So, U’ = QUT; U; (¢3)"s¢ satisfies the required condition. This finishes the case.
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Proof of Lemma 4.4. By a case analysis on the reduction rule used. We show a few representative
cases below.

- Case (R-NEwW).
M = Enew?® ()]
H' =HW{z— @}, zis a fresh variable M’ = &[]
By ¢ F (H,Enew?®()]) : 4, there exist z1,...,z, and Uy, ..., U, such that
dom(H) ={z1,...,zn}

21t (RUY, vt (RU,) || @ F Enew®()] : 6

By Lemma B.25, there exists U, such that

z1: (R,UL), g (I[[{,Un), C(R,UL) |l FE[Z]: 6

Hence, we have
dom(H') = {x1,...,xpn, 2}
z1: (RyUL)y ooz (RUL), 2: (RUL) || @ FE[2]: 0
[U.] € H' (z1),...,[Un] C H'(z,) [U.] C®=H'(z).
Therefore p F (H W {z — ®},&[z]) : § holds.

- Case (R-Acc).
H=H W{zx— o} M = Eacc’(x)]
H = Hwiz— o) M =&

By ¢ F (Hy W {z — ®},Eacc?(z)]) : 4, there exist x1,...,2z, and Uy,...,U,, U, such that
dom(H) ={z1,...,zn, 2}

x1: (R, Uy),... (R, Un),z: (R, U,) || ¢ F EJace(x)]:d
[th] < H(wl) S [UR] € H(zn), [Ua] € H(z) =

By Lemma B.26, there exist U, and b such that

z1: (R UL, . xp : (RyU),xz: (R,UL) || @ FE[D]: 0
U: <a;U.

From Lemma B.1(21), we have [U.] C [U,]~*. Hence, we have

dom(H) ={x1,...,xn, 2}
z1: (R, UL, yxy s (RUL),z: RUL) || HED] 6
[U:] H'(xl) (U] € Hi(,),
V2] € [U.] " = &% = (Hy 9 {o — ~*))(x) = H'(a)

Therefore ¢ - (Hy W {x — &2}, E[b]) : § holds.

- Case (R-TRry-RAI). o
M = Eftry £V [raise| with M;]
H =H M =&M|

So, it suffices to show o
T || ¢ F Eftry £V [raise] with M;]:
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implies
T|eF&M]:d
by induction on the structure of £. Since the induction step is straightforward, we show only the
base case, where £ = [ ].
The following is assumed:
T || ¢ F try E7Y[raise] with M : 0.

By Lemma B.9(11), there exist I'1, a,p01, w2 and §’ such that T' < T'1;5T5 and ¢ C 155 w2 and
0’ <6 and o

[y || o1 F E7Y[raise] : ¢

Do |l w2 = My 0

It follows that Yz € dom(T'1).(Useg(I'1(z)) < E) and ¢1 C E from Lemma B.10(2).

Hence, we have I' <T'1;5 9 < T, and ¢ C (¢1;5 ¢2) C @2 by Lemma B.1(10) and Definition 3.7.
So, by (T-WEAK), we get ' || ¢ - M : 4.

Case (R-APP).

M = E[fun(f, z, M1)v]
H =H M =¢&|[fun(f,z, My)/f,v/x]M]

So, it suffices to show
T | ¢t Efun(f,z, M1)v]: o
implies
r || ¥ = 5[[fun(f,a:,M1)/f, ’U/J?]Mﬂ :0

by induction on the structure of £. Since the induction step is straightforward, we show only the
base case, where £ = [ ].

The following is assumed in the case & = [ |:
T || ¢F fun(f,z, My)v : 6.

By Lemma B.9(8), there exist I'1, s, ¢1, ¢2, ¢35, 41 and 62 such that

[ < T30 (p3)" (18)
0 L 1502, 03 (19)
Ty || 1 - fun(f,, M) : (51 £ 62, 1) (20)
FQ H ¥2 Fo: (51 (21)
52 < 6. (22)
By Lemma B.15 and (20), there exists I'j such that I'y < OI'] and
OTY || @1 F fun(f, 2, M) : (6 =5 62, 1) (23)

By (23) and Lemma B.9(7), there exist Uy1,Uysa, 01,071,052 and T'az,, @ar, such that
p1 £ 0 (24)

Tans f 5 (551 =25 052, Upa)w s o || oany B Ma 2 8 (25)

op1 < (op1\ E) (26)

(051 o, 872,Up1) < (61 =5 8a,1) (27)

(28)

/ fun
O <o AW}, U2\ B),0(Tar, \ B))
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By (27), we have 51 = 5f1 S O’fl\E, 5f2 = 62, ©3 E Y n, and Ufl < 1.
By (25),(26) and (T-Fun),

n YM
AlT)2\ ),y B),0ar,\ 5 | O fun(fyz, M)« (651 — 852, Upa\ E)

By (T-WEAK),
un Y
Af(Ufg\E),(Ufz\E),o(er\E))al’ :0.0y1 || OF fun(f,z, M) : (051 — &5, Us2\ E) (29)

From Lemma B.12 and (25), it follows that

Yy

Tan\E) @ (onr,)** f 2 (01 — 652, Uy2), @ 2 0p1 || oary = My 62 (30)
By Lemma B.24, (29) and (30),

A?(lllflfg\E),(Ufg\E),O(FMl\E)) ® (Can\ B) ® (oa1,)"*¢), 2 1 051 @ 0 || gy

F fun(f,z, M1)/f]My : 652 (31)

Here, we have
(OT%; (0a0) "), 2 2 011 Sgnsy (AL 0\ ),y B0\ By @ (Do \ B) @ (041,)")), 2 2 011
by
(OT%; (pnr, )" ), w201

fun . wse Lemma B.13
Seay (AW, W\ )0\ B (920)7) (by and (28) )
n . Lemma B.14
< (Af?UfQ\E),(UfQ\E),o(er\E)) ® (T \ E))); (onm,)"* (by and Uy < 1 )
< AE‘&?N\ E),(Us2\ E),o(Tar, \ B)) ® (O(Tan \ E); (on1,)") (by Lemma B.1(4))
< A(‘(‘[?fz\ E).(Us2\ B),0(Tar, \ B)) © (O(Ta\E) @ (par,)*¢)  (by the definition of =)

Therefore, by (T-WEAK), we get
(OT); (oar)"* @ s o1 || oy b [fan(f, 2, M)/ fIMy 2 6. (32)

So, from dom(OTY) = dom(I'y) = dom(I'y), Lemma B.24, (21), (32) and §; < 041\ E, it follows
that

((OT1); (#a1,)"**) @ T || v, = [fan(f, 2, M)/ f,0/x]My = 0.
By Lemma B.1(4) and (T-WEAK),
((<>Fll) 02y FQ)? (@Ml)use || WM, - [fun(f,x, Ml)/fa U/‘T]Ml : 5f2- (33)

By Lemma B.10 and (21), we have @2 C 0. From ¢; C 0 and p3 T ¢uy,, it follows that
01592593 & Oy -
By (T-WEAK), (22) and (33), we have

((OT)) ®Ta); (93)" || @15 2; p3 b [fun(f,z, M1)/f,v/x|M; : &
By (OT) @ I'y = (OT); T, Iy < O, T < TusTas (03)"° and ¢ £ 15 0a; 03, we get
r H 14 = [fun(fax7M1)/f,'U/$]M1 : 0.

as required.
O
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