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Abstract many programming situations requiring polymorphic recur-

sion (for example, see [2] which studies a similar system).

We show that typability for a natural form of polymor- To the best of our knowledge, there is no known polymor-
phic recursive typing for rank-2 intersection types is unde phic recursive type system with decidable typability tisat i
cidable. Our proof involves characterizing typability as a both sound and more powerful thén+ REC-INT . This
context free language (CFL) graph problem, which may be paper shows that typability for evén + REC-INT is un-
of independent interest, and reduction from the bounded-decidable.
ness problem for Turing machines. We also show a property  The rest of the paper is organized as follows. Section 2
of the type system which, in conjunction with the undecid- discusses related work. Section 3 gives an overview of
ability result, disproves a misconception about the Milner 1, + REC-INT. Section 4 gives a novel reduction of a
Mycroft type system. We also show undecidability of a re- context free language (CFL) graph problem to typability for
lated program analysis problem. I+REC-INT . Section 5 reduces the boundedness problem
to the CFL graph problem to complete the proof of undecid-
ability of typability of | . +REC-INT . The last two sections
show related results that follow from the proof of undecid-
ability. Section 6 shows a property bf + REC-INT that
disproves a misconception about the Milner-Mycroft type
system. Section 7 proves undecidability of a related pro-
gram analysis problem. The appendix contains the proofs
omitted from the main body.

1 Introduction

Among the interesting aspects of intersection types is the
decidability of type inference for any finite rank for the pur
A-calculus (i.e., without recursive definitions) [8, 6], pri
cipal typing [5, 16, 8], the rank-2 fragment [9, 4], which
is closely related to ML-types, and connections with poly-
variant flow analysis [12]. Recursive definitions such as 2 Related Work
fix x.e are important in practice. Indeed, it is difficult
to find a real-world programming language without some  While being careful to leave the question open, Jim in his
form of recursive definitions. I appears more than once original paper [4] considered the possibility of undeciiab
in the body ofe of the recursive definition, it may be de- ity of |,+REC-INT typability citing the resemblance to the
sirable to give an polymorphic type to, which leads to  Milner-Mycroft type system [10] whose typability was al-
polymorphic recursive typing. Jim [4] proposed a natural ready known to be undecidable [7, 3]. More recently, Dami-
way to use intersection types for this purpose in the rank-2ani [1] noted that there seems to be no “obvious way” to
fragment. He named the type systeya-REC-INT, where  find a bound on the size ¢f| (see the type rulREC-INT
I, refers to rank-2 intersection types aR&C-INT is the in Section 3). Our result confirms these suspicions.
name of the rule used to type recursive definitions. While it ~ Our proof reduces typability to the boundedness problem
is known that type inference without polymorphic recursion of Turing machines. The boundedness problem was also
is decidable for any finite rank intersection types [8, 6¢ th used in the undecidability proof of semi-unification [7].
decidability question has been open for+ REC-INT . A step in our proof shows an equivalence between unifi-

I»+REC-INT is not the most powerful polymorphicre- cation type constraints and a CFL graph problem that may
cursive type system, but it appears to be capable of typingbe of independent interest to researchers interested in re-

— , lating type-based program analysis to CFL-based program
This research was supported in part by NSF Grant No. CCREIR26 5,9 \ysis - While it is suspected that many CFL-based pro-
The information presented here does not necessarily refiecposition

or the policy of the Government and no official endorsemenulkhbe gram analyses correspond closely to type-based Ones, there
inferred. have been few formal results [14, 13]. One benefit of such
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TFee o is closely related to ML-types and the type inference is de-
cidable, in fact, it is DEXP-time complete [4].
Viel.T,w:\je;mjbein) kel RECNT The main result of this paper is the undecidability o
THfixaze:n i REC-INT typability. Formally, the typability problem of

I +REC-INT is defined as follows: Given a closed teem
isetypable, i.e., isthere a type derivatibrt- ¢ : 7 for some
7 andI'? Note that it is safe to restridom(I") = fvarg(e).
(Here,fvars(e) denotes the set of free variableseof Our
correspondences is for proving the soundness of a CFL_proof shows that even whei_ﬁs restricted_ to cIose_d terms
based program analysis, which is almost never done, by(i-€-fvars(e) = 0), the typability problem is undecidable.
proving the soundness of an equivalent type-based one,
which is, in contrast, a common practice. 3.1 Example

Our work seems to be the second time CFL graphs have

been used to prove an undecidability result in program  One might naively think that, at eadREC-INT, |I]|
analySiS. Reps proved UndeCldablllty of context-serssitiv should at most be the number of occurrences of e (see
data-dependence analysis via undecidability of a CFL graphpigure 2). Such a bound ofi| would make type infer-
reachability problem [15]. However, the proof strategydise  ence easy. However, because any computable bouht] on

Figure 2. 15 + REC-INT.

in this paper is different from his. would imply decidability, the result in this paper showsttha
there is no computable way to obtain a bound in general.
3 |2+ REC-INT We define some syntactic shortcuts to show an exam-

ple where|I| is greater than the number of variable occur-
rences. Let; ¢’ be a sequential compositiany e’ be a pair,

and letsane(e, ¢’) force the types o ande’ to be equal.
Sequential composition associates to the left and has the
weakest precedence, e.gy,eq;es;eq = ((e1 €2);e3);eq.
These expressions are encoded as shown in Figure 3. The
reason for the use afl in the encodings is to force types

to be of rank 0. For example, if we want to ensure that
can be typed rank-0, we applyto e to force existence of a
sub-derivation where has a rank-0 type. (See tA®P rule

in Figure 2.) Note that in this encoding, a paix 7’ has a
function typer—7’. While the encoded pair does not have
the expected semantics, it has the expected types. Both pair
terms and pair types are right associative.

Terms and types are defined in Figure 1. Function ap-
plicatione ¢’ is left associative, i.eg; ex e3 = (e1 €2) es.
Binding of variables extends as far to the right as possi-
ble. Types consist of rank-0 typesand rank-2 types.
(Rank-1 types are of the formh,_; 7;.) I is a finite non-
empty set of indices. Function types are right associative,
i.e.,1—T—T3 = 11— (T2 —T3).

The rank-2 intersection type system with recursive def-
initions, 1o + REC-INT, is defined in Figure 2.15 +
REC-INT is similar to the Milner-Mycroft type system,
though not exactly equivalent. For examflex z.x x
is typable in the Milner-Mycroft type system but not in

Iy + REC-INT. [ Ran mes. _
I, + REC-INT with a monomorphism restriction for Lete be the following term:
REC-INT. Le., Az Ay Az, (Au v w.same(f uvw,z X y));
Tz:tke:T (Auw v w.same(fuvw, (x X ) X y));
- REC-INT’
FEfixze:r Yy xz



P@) =Neri J€l 0 [Aeelr = (8,C U {8 = a—7}, X U{a, 5})
F'koz:Tj where . € Base \ (X Uran(T))
0B € Base \ (X Uran(T') U {a})

(Tv Ca X) = He]]F,m:a

Iz:thkoe: 7

FUN
T'FoM\xe: =7
/ ) [e1 e2llr = (8,C, X1 U X2 U{a, B})
Iboerr—r Thoe:7 o where a € Base \ (X; U Xy Uran(T))
Fkoee : 7/ B € Base \ (X1 U Xz Uran(IT') U{a})
. XiNnX,=0
Vi € I'(FVT:/\jGI. Titoe:mw) kel RECNT (11,C1, X1) = [ea]r
Thofixaze:n (12, C2, X2) = [ez2]r

C=C1UCy U{Tl =a—0,7 = a}
Figure 4.1 + REC-INT.
; [#]r = (T(x),,0)
wherez € domT")
We show thaf i x f.eistypable. Let
[fixze]r=(r,C,X")
where ¥ = {a | z* € fvarg(e)}
X' =XU{a,|aex}
Va € ¥.aq € Base \ (ran(I') U X'\ {aa})
(’7’7 C’v X) = He]]ruuaez{ma:aa}

71 = a—a—a—(a X @)

T2 = a—a—(a X a)—(a X (a X a))

73 = a—(a X a)—a—((a X a) X a)

74 = a—(a x a)—(ax a)—((a x a) x (a x a))

Note thatf : 71 A 73 - e : 7 by assigningr; to the first C" =, ex{r =7 |7 €ran(D)} U {r® = a,}
occurrence off andrs to the second occurrence 6f Sim- c=U o€ (' ucmys
ilarly, SEXT
fimmATske:m
fima ATyt e: T3 Figure 5. Constraint generation.
fimaATybe:my
Therefore, Lemma 4.1 For all closedB, ) o B : o iff 0 - B : o.
vie I'(f'/\ja, nbeim) kel Closed B terms do not include all of the terms whose
OEfix fe:m typability in 1, + REC-INT coincides with typability in
wherel = {1,2,3,4}. | + REC-INT but are sufficient for our purpose. In the rest
On the other hand, there is no derivation that can type of the paper, typable means typable-in and type means
this term with|I| < 4. It is immediately obvious fromr x rank-0 type unless stated otherwise.

y and (z x z) x y that f w v w must be given the types
7, x 7, and (r, x 7,) x 7, for somer,,7,. Butdueto 4.1 Type Constraints
y X z, this implies thayy must have the types. andr, x 7.

Therefore, we actually need two kinds gfs, i.e., 7, and As in conventional type inference algorithms, we formu-

T2 X T, Which implies that there must be at least four types late the typability problem as a constraint satisfactiowbpr

for f u v w. lem. However, the purpose here is not to solve the con-
straints but to show its undecidability.

4 Typability as a CFL Graph Problem We warn that the phrase “constraint generation” is some-

what misleading because there is no terminating algorithm
For this proof, we introduce the simpler type system {0 generate the constraints. (The set of constraints may be
| + REC-INT shown in Figure 4. In general, typabil- infinite.) When we say that the set of constraints is gener-
ity in | + REC-INT does not coincide with typability in ~ ated, we mean that the set exists (in standard set theory).
I, + REC-INT (e.g., \z.z z). However, we prove that EXistence is sufficient for our purpose of proving undecid-
even when restricted to the set of terms that are typable in2bility.

|, + REC-INT iff typable inl + REC-INT, the typability The generated constraint set may contain infinitely many
problem is undecidable. More generally, let us define the type variables. To this end, we annotate type variables with
subset of term® as follows: superscripts. LeBase be the set of type variables without
] . superscripts, or equivalently, with an empty string as the
B u= wz[id(\z.B)[BB|fixz.B superscript. Let meta variables (3, etc. range over type



variables with a (possibly empty) superscript. For a type lution of C, written S = C, if for eacht = 7/ € C,
variablea and a strings, o is a type variable whose super- S(7) = S(7'). We say thatS is afinite-range solutiorif
script is a concatenation of the superscript.dbllowed by the range of5, ran(.S), is a finite set. We write5 =in C
s. For example(3°1)%2 = (35152, For atyper and a string  if S is finite-range and = C. We write|= C'if C'is sat-
s, T° is a type obtained by replacing each type variable isfiable, i.e., if there exist§ such thatS &= C. We write

in 7 by a®. For example(a’t—[3%1)%2 = 15235152, Ein Cif C is finitary-satisfiable, i.e., if there existssuch
For a set of type equality constrairds C* = {(r5 = 735) | thatS Eiin C. A terme is typable iff the constraints gener-
(m=m) e C}. ated fore are finitary-satisfiable, i.e.,

We annotate term variables with superscripts so that eachL 491 b losed Let b h th
occurrence of & i x-bound variable is annotated with a -SMMa 4.2 Lete be a closed term. ee such that

distinct number, e.gfi X a.fix y.2° \z.z! y2 2. These each occurrence of i x-bound variable is annotated with

; : a distinct number. Then is typable inl + REC-INT iff
numbers form the alphabet of the strings annotating the type':fin C where(r, C. X) — ﬂe’]];”f)or somer and.X.

variables. We use meta variablesy, etc. to range over
variables with a (possibly empty) superscript. . .
Constraint generation is shown in Figure 5. A mapping Example  Consider the terrfii x x.z® z'. Then,
T" from variables to types is tgpe environmentintuitively,
[e]lr returns a triplér, C, X) such that- is the type ok, X [ -
is the set of base type variables introduced while analyzing [[zo]]I“:W i ’
e, andC is the set of constraints generated while analyzing [
e. The use of seX is a standard technique for avoiding [
unnecessary introduction of the same type variable in twohere
different contexts. The first three rules are self-explanat
and coincide with a typical constraint-based type infeeenc C = U {y=a—=pk=0qa,p’ =7, =K}*
algorithm for simply typed\-calculus. se{0,1}*
The fourth rule handlefi x z.e. The goal is to build
a constraint set representing the infinite unrolling of tae r  For anyS such thatS |= C, it must be the case that= C”
cursive bodye. Recall that occurrences bf x-bound vari- ~ whereC’ = {3% = g'*—pg° | s € {0,1}*}. ButC’
ables are annotated with distinct numbers. In the rhle, ~clearly has no finite range solution. Therefo€ehas no
is the set of numbers annotating Eacha € ¥ has the finite range solution, antli x z.x x is not typable. (Note
associated base type variablg. The lineVa € Y.a, € that there is an infinite-range solution #6f. However, it is
Base \ (ran(I') U X’ \ {a,}) ensures that these variables not always the case that an untypable term has an infinite-
are distinct. Thugr, C’, X) is the result of analyzing the ~ range solution.)
body of the recursive definition by assigning a distinct
type variable to each®. Intuitively, C’ is the template con- 4.2 Constraints as a CFL Graph
straint that should be repeated indefinitely, @hdontains

infinitely many copies of?” distinguished by superscripts. The next step of the proof is to represent constraints as
Therefore C’** represents the constraint of the badyn- a context free language (CFL) graph. We treat constraints
rolled atz® appearing in the bodythat itself was unrolled  symmetrically, i.e,r = 7’ is equivalent tor’ = 7. Let
from the root according te. C' also contains copies @f”, C be a constraint generated from a closed termi.e.,

which is used to connect the copiegf(note thatC’** and (1,C, X) = [e]y for somer and X. Note that all of the
C's2 share no type variables when # s5). C” consists of  constraints inC' are of the formn = 5 or a = 8—v. We
two parts. The first part,.{7"* = 7' | 7’ € ran(T')}, use the notatioftvars(7) to denote the set of types variables
ensures that free variablesdmget the same types inthe un- in 7. Letftvar(C) = U, _, e (ftvars(t) U ftvarg(r’)).
rolling.* The second part,cs{7* = a.}, equates the  The CFL graph of?, writtengraph(C), is the grap(V, £)
type ofz“ (i.e., a,) with the type of the body unrolled at where

z® (i.e.,7%).
We connect typability to constraint satisfaction as fol- Vo= ftvares(C)
lows. An assignment is a mapping from type variables to E = {a=pgl(a=p)eC}
types. Forr, S(7) is the type obtained by replacing each U{o £ v, 8 L 7| (a—B=7)eC}

type variablea in 7 by S(«). An assignmentS is a so-
ye y 5la) g Uy 2 ay L 81 (amp =) ey

1Technically, this part is inessential as fllx z.e used in the rest of
the paper are closed. However, it is included here for cotepéss and to For example, leC = {5, = al_’ﬁla B = a2—.’52 , Bo =
make the proof of Lemma 4.2 succinct. B4, Bs = az—P5}. Thengraph(C) is as shown in Figure 6.
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proj(t, €) = T
proj(t—7',)s) = proj(r,s)
proj(r—7',]s) = proj(r’,s)

Figure 7. Path projection.

Given a pathp in the graph, les(p) be the string ob-
tained by concatenating in order the labels of edges. in
Let e denote an empty string. L&t(A) be the set of strings
generated by the following grammar:

Au=c|AA|(A)|[A]
A match elimination—,,, is defined as follows:

t1 () t2 —m tita

t1[]t2 —m t1ta
For a pathp, the match-eliminated stringpf p, written
sm(p), is a—,,-normalizeds(p), i.e., a stringt such that
s(p) —%, t where no substring of is in L(A4). We write
a5 (3 to denote a path from « to 5 such thasm(p) = ¢.

For example, there is a path R (s in Figure 6.
We callp amatched patfif sm(p) is an empty string. For

For a setX of positive strings and a type variable we
definepathsTyp€X, «) to be the smallest typecontaining
only « such that for each € X, proj(r,t) is defined (so
proj(r, t) = «). For example,

pathsTypg{ )]), 1] }, @) = (a—(a—a))—a—a

Note that for X finite, pathsTypéX,«) is always de-
fined. Given a type variabler in a CFL graphG, let
posPath&x, G) be the set of all positive paths from We
are now ready to prove the main result of this section.

Lemma 4.4 £y, C iff there exists a positive integersuch
that for any positive patlp in graph(C'), depttip) < n.

Proof:

Let n be a positive integer such that for any positive path
pin graph(C) = G = (V, E), depthp) < n. Fix a type
variabled. Let F' be a mapping from type variables to sets of
positive strings such that for eache V, F(a) = {sm(p) |

p € posPathéx, G)}. DefineS as follows

S = {a — pathsTypé&F'(a),d) | a € V'}

Because depths of positive paths are bound&d;) must
be finite for everya. Hence eaclpathsTypéF(a),d) is
defined, and s& is defined. Furthermorean(sS) is finite,
in particular,|ran(S)| < 27!, Hence it suffices to show
thatS = C.

Pick (a = ) € C. By constructiong -5 § andg = a.
HenceF(«) = F(3). ThereforeS(a) = S(53) as required.

Pick (a« = f—~) € C. Suppose € F(3). then there

exists a pathg 4 K for somek. By construction, there is

) : ) t
convenience, we say that every variable has a (self) matched@n edgex = 3. Hence there is a paifha — 3 ~ «, and

path to itself, i.e.o. 5 . We say that a stringis positive
if ¢ consists only of))and ’]’. We call p apositive pathf it
is @ matched path or §m(p) is a positive string. Theepth
of a positive patlp, depth(p), is the length osm(p).

We want to show thal=s, C iff the depth of positive
paths ingraph(C) is bounded. To this end, we relate types
to paths as follows. For a positive stringand a typer,
the t-projection ofr, proj(r, t) is defined as shown in Fig-
ure 7. Note thaproj(r, t) may be undefined. For example,
proj(a«—a—0,))) is undefined. The following lemma says
that positive paths imply type-structural constraints.

Lemma 4.3 Letp be a path fromx to 5 in graph(C) such
that snip) is a positive string. Supposel= C. Then there
existsr such that profr,sm(p)) = § and.S(a) = S(7).

We sayr is smaller than’ if sizér) < sizg7’) where
sizeis defined
sizda) =1
sizdT—71') = siz€r) + sizg7’)

so there is a patp’ from « such thatsm(p’) = )¢. Thus,
)t € F(a). Conversely, supposg € F(«). Letp be a
path froma such thasm(p) = )¢. Let 8/ be a node such

thatp is o 2, B -5 Kk wherex is the end vertex op. By
construction, there is an ed@ei» a. Therefore, there is a

path g A% o RA B A ~, and so there is a pafl from g
such thasm(p’) = t. Thus,t € F(0).

Hencet € F(p) iff )t € F(«). By a similar argument,
t € F(y) iff |t € F(«). ThereforeS(a) = S(3)—S(v) as
required, and = C.

Suppose there exists nsuch that for any positive pathin
graph(C), depth{p) < n. For the sake of obtaining a con-
tradiction, suppose there existssuch thatS =, C. Let
m be a number such that for amye ran(S), sizer) < m.
Pick a pathp in graph(C') such thadepth{p) > m. Let«a
be the starting vertex angibe the ending vertex gf. Then
by Lemma 4.3, there existssuch thaproj(r, sm(p)) = 3



andS(a) = S(7). But|sm(p)| > m impliessiz&S(«)) =
siz€S(1)) > m, a contradiction.
O

a bound on the depth of positive paths. Our goal is to
construct a closed termay for an ITM Y such thatYyg
is bounded iff the depth of positive paths gnaph(C) is
bounded wherér, C, X) = [ey]p for someX andr. The
idea is thatC' would look like an infinite binary tree in
which each left move oYy is represented by a down move
in the tree (from a parent to a child), and each right move
We reduce thdoundedness probleto the problem of ~ Of Ys is represented by an up move in the tree (from a child
finding a bound on the depth of positive pathgiaph(C). to the parent). The tape content to the right of the head
The boundedness problem is known to be undecidable [7],/€cords which branch was taken at each down move. .ThIS
and hence this reduction shall show that the problem of find-€nsures that up moves use the edges actually belonging to
ing a bound on the depth of positive pathsgiraph(C) is the tree. The tape content to the left of the head records
undecidable, which in turn implies the undecidability ofty ~Whether a( edge or 4 edge is followed at each up move

pability. Here, we present the boundedness problem as it isSO that a down move must use) &edge to match & up
defined in [7]. move and a| edge to match § up move. Symmetry

5 Reduction from the Boundedness Problem

An Intercell Turing Machine (symmetric ITM) is a triple
of the formY = (Q, A, T'), where

e () is afinite set of states,
e Ais afinite tape alphabet, and
o T CQx{-1,+1} x Ax Ax@is atransition relation.

An instantaneous description (ID) d&f takes the form
(w1, a, m, wa) Wherew,wsy is the tape content with all but
finitely many blank symbols and the head is positioned be-
tween the(m — 1)-th and them-th cells, which is between
wy andws,. 2 The next move relatiofy on ID’s of Y is
defined as follows:

for (o, —1,a,b,8) € T

(wra, a,m,we) by (w1, B,m — 1, bwa)
for (o, +1,a,b,8) € T

(w1, a,m, aws) by (w1b, B, m + 1, wa)

An ITM Y is boundedif there exists a positive integer
such that ifM is an arbitrary ID ofY’, then the number of
different ID’s reachable by from M is at mostn.

LetY = (Q, A,T) be an ITM. Thesymmetric closure
of YisYs = (Q, A, Ts) where

TS :TU{<OL,—.§C,CL,Z),B> | <5,x,b,a,0z> € T}

The boundedness problem for symmetrically-clo$Ell s

is the problem of deciding for a given deterministic ITM
Y =(Q,{0,1}, T) with 0 as the blank symbol, wheth&g

is bounded.

Theorem 5.1 ([7]) The  boundedness for

symmetrically-closetlTM s is undecidable.

problem

We now reduce the boundedness problem of
symmetrically-closed ITMs to the problem of finding

2strictly speaking;m is redundant sincev; andws precisely deter-
mine the location of the head. But makes the proof more readable.

of ITM is needed in part because our CFL graphs are

bi-directional, i.e.(a 2 §) € Eiff (3 - a) € E, and
similarly for], [, ande edges. However, it turns out that the
CFL graphs must be bi-directional anyway to simulate a
symmetric-or-asymmetric ITM with our proof technique.
Instead of introducingy at this point, it is more helpful
to describe the constraidty such thatgraph(Cy ) simu-
latesYs in the way described above. We then construct the
termey that generateSy. LetY = (Q, {0,1},T) be ade-
terministic ITM. Let{M, ..., M,} C Ts be the set of all
left transitions ofY’s. For each\{, € T, let~, be a distinct
type variable. For eachl, = (o, —1, b, a, 3), define types
Ta,e Ndk, ¢ as follows:

(07

ifb=0
ifb=1

B X Ve
Ye x 3

Ta,l

Ra,t

Note that we have intentionally picked type variable names
that correspond to the state nameg'in Cy is defined as

follows:
Cy = |J {bar=70¢lac{0,1},Le{l,...,p}}°

se{0,1}*

As an example, considéf = {{ay, a2, a3}, {0,1}, T}

where
T= {<Oél, —1, 1, O, 063>, <Oég7 —1, O, 1, 042>}

Figure 8 shows the subgraph gfaph(Cy) for the vari-
ables with superscripts 0s, andls. The entiregraph(Cy-)
is infinite. In particulargraph(Cy ) can be obtained by re-
peating the structure in the diagram. That s, there aresedge
betweem?* anda?’, edges between?* and+’¢, edges
betweenad® anda3®, and so on. Pictoriallygraph(Cy-)
is an infinite binary tree such that for aryvariables with
the superscript collectively form a nodeg-node) with the
0s-node being the left child and tha-node being the right



Figure 8. Example.

child. Note that any edge may only connect a variable in a

parent node with a variable in its child node.

We now construct the term,-. We use the vector no-
tation 7 to denote a sequence of variables. We write
A7 .eto meand (A\z.id (Azs. . ..id (Az,.€))) wherez =
x1,...,x,. Wewritee’ T to mean the sequence of function
applications’ zy x5 ... x, wherew = x1,...,z,.

For eachny € Q, letz, be a distinct variable. For each
~¢, let y, be a distinct program variable. For eatlhy =
(e, =1,b,a,B), define termg, ¢ andv,, , as follows:

g X Ye
ngIﬁ

Lo

ifo=0

Cast ifh—1

Va,b

Foreach: € {0,1}, lete, = e41 X €q2 X ... X €4, @Nd
Vg = Vq,1 X Vg2 X ... X Ug . Recall that x ¢’ is defined
in Figure 3. LetX = fvarg(eg) U fvarg(e;) U fvars(vg) U
fvarg(v1). Letdy andd; be distinct variables not ixX . Let
7 be a sequence of variables frofJ {do, d, }. Let Z’ be
distinct variables not inz’” such that 2’| = | 7|. Let

ey =fix f/\?

(N same(f° vy x do));
(\Z.sane(f! Z,d; x v1));
(60 X 61)

—
z .
—
zZ .

Recall thate; ¢’ andsane(e, ¢’) are defined in Figure 3.
Let (1,C, X) = [ey]lg. C is not exactlyCy, but simple
algebraic manipulation shows thag, C'iff =g, Cy.

We now show that’s is bounded iff positive paths in
graph(Cy ) have a bounded depth. For a positive strinigt
r(t) be reverse of with ) replaced by and] replaced byl.
For an infinitely long sequenae, let w|,, be the string con-
sisting of the first» symbols ofw. For a strings € {0, 1}*,
let s0°° be an infinitely long sequeneesuch thatw||,| = s
and theith symbol ofw is 0 for all i > |s|. For clarity, we
sometimes writg; @s, to mean the concatenatiens,. We
show that ifYs is bounded then positive pathsgraph(Cy-)
have a bounded depth.

Lemmab5.2 Let p be a path froma®t to (% in
graph(Cy) such that srfp) is a positive string. Then
(w@r(sm(p)), a, m, s10°°) and (w, 8, m — |sm(p)|, s20°°)
are reachable from each other 1.

We now prove the other direction, i.e., if positive paths
in graph(Cy ) have a bounded depth th&p is bounded.

Lemma 5.3 Suppose  (w@r(t1), o, m, $10°°) and
(wQr(tg),B,m — |t1] + |[t2],s20°°) are reachable
from each other irvs without moving the head below the
positionm — |¢;| and without moving the head above the
positionm + |s1|. Further supposé: | + |s1| = [t2| +|s2]-
Supposer®! ~» ~% in graph(Cy). Thengs2 ~3 4% in

graph(Cy).

Lemma 5.4 Suppose there is an ID dfs from which the
head can be moved positions left or right. Then there
exists a positive path of depthin graph(Ys).

Proof: Suppose{w;, «a,m,w}) and (ws, 3, m + n,w})

are reachable from each other. Consider a series of tran-
sitions from (w1, a, m, w}) to (ws, B, m + n,ws). Let
(ws, v, m,w4) be an intermediate ID in this series such that
following transitions in the series do not move the head be-
low the positionm. Note that such an ID must always exist.
Let m’ be the highest position reached during the series of
transitions. Letss = wj|m/—m aNd sy = Wh|pm/— (m4n)-
Let ¢ be the string such thats;t = ws. Note thatt| = n.

We thus havéws, v, m, s30°°) and(wst, 5, m — |t|, $20°°)
reachable from each other without moving the head below
the positiorm and without moving the head above the posi-
tionm’ = m+|s3|. Also, |s3| = m' —m = [¢|+|sz|. Triv-

ially, v%2 ~5 4%, Therefore, by Lemma 5.33%2 ~& ~%.

O

From Lemma 5.2 and Lemma 5.4, it follows that,

Lemma 5.5 Ys is bounded iff there exists a positive in-
tegern such that for any positive path in graph(Cy ),
depthp) < n.

Finally, by Lemma 4.1, Lemma 4.2, Lemma 4.4,
Lemma 5.5 and Theorem 5.1,

Theorem 5.6 Typability ofl + REC-INT is undecidable.

6 Insufficiency of Unification Tests

One way to cope with the undecidability result is to re-
ject some typable terms for the sake of an incomplete but



terminating typability algorithm. Mycroft [10] proposelad
following test as a rejection method for the Milner-Mycroft
type system. For eadh x x.e and each occurrence ofin
e, unify the type of the body with the type of the occur-
rence ofr and check that the constraints are satisfiable. The
test rejects the term if any of the constraints are unsatisfi-
able, and otherwise runs the actual type inference algorith
hoping to have rejected any “bad” term that would make
the algorithm diverge. For example, this method rejects the
termfi x x.x x (which is typable in the Milner-Mycroft
type system) because unifying the type of the first occur-
rence ofz with the type of the body z results in a con-
straint of the forrov— 3 = 3, which is unsatisfiable. Here,
we show that not only is this test insufficient for designing
a terminating typability algorithm for; + REC-INT, but
it is actually not sufficient even for the Milner-Mycroft tgp
system.

We claim the following.

Lemma 6.1 Suppos€[fi x z.e]y (r,C,X) and C is
finitary satisfiable. Then for any € {a | 2 € fvars(e)}*,
C U {r* = 7} is still finitary satisfiable.

Let [fi x z.e]p = (r,C, X). Suppose: contains no oc-
currence off i x. Then, applying the unification test in
Lemma 6.1 for each string of length(i.e., single charac-
ters) is more conservative than Mycroft's unification test.
Thatis, if C U {r = 7%} is satisfiable for each in the al-
phabet{a | z* € fvars(e)}, thenf i x z.e passes Mycroft's
unification test. However, Lemma 4.2 and Lemma 6.1 im-
ply that these tests do not reject any typable term of the form
fi x z.e. Recalley from Section 5 is of the formhi x z.e
such thate contains no occurrence ¢fi x. Because the
proof of Theorem 5.6 shows that even typabilitygfterms

is undecidable for; + REC-INT, it follows that Mycroft's
unification test is insufficient for designing an incomplete
but terminating typability algorithm for, + REC-INT .

Furthermore, it can be shown from the proof of undecid-
ability of the Milner-Mycroft type system [7, 3] that a term
of the formey is typable in the Milner-Mycroft type system
iff Ys is bounded. Therefore, somewhat surprisingly,is
typable in the Milner-Mycroft type system iff it is typable i
I + REC-INT. Thus, Mycroft's unification test is insuffi-
cient for an incomplete but terminating typability algbri
even for the Milner-Mycroft type system.

In fact, Lemma 6.1 implies an even stronger result. An
algorithm that tests = 7* for all stringss (not just single
characters), regardless of whether such an algorithmsexist
or not, would be insufficient. More precisely,

Corollary 6.2 Let

A {fixaze|[fixze]p=(r,C X)
NVs € {a | z® € fvarg(e) }*.

=cur =)

if <
alpg = @ s C_X
(8 otherwise
al(r—1") = 77
(= Ua = 77

(m—72) U (11—73) (m U7])—=(r2 UT2)

Figure 9. S; LI .S,.

The following problem is undecidable. Letbe a closed
term such that there exists € A such that’ is e with each
occurrence of & i x-bound variable annotated with a dis-
tinct number. Decide whethelis typable inlo+REC-INT .

Corollary 6.2 follows from the fact that untypability bf +
REC-INT is not recursively enumerable (since typability is
recursively enumerable). An analogous result holds for the
Milner-Mycroft type system.

We now prove Lemma 6.1. Let be some total ordering
over the type variables. Figure 9 defines the operation
over the types. Note that is associative and commutative.
We extend.] to constraint assignments as follows:

S1USs = {a — S1(a)USa(a) | « € dom(S1)Ndom(S,)}

Clearly, if S; and S; are both finite range then so 5§ U
So. Furthermore, ifS; and.S, both satisfyC', then so does
Sl L SQ, i.e.,

Lemma 6.3 Supposes; E C and S, = C. ThenS; U
Sy EC.

The following lemma says that we may “shift up” solutions
for a constraint set of the forty, .. C*.

Lemma 6.4 Let C be a set of constraints and be an al-
phabet. LetC" = |J, .. C°. Supposes |= C’. Then for
anys € ¥*, {a— S(a®)} E C".

We are now ready to prove Lemma 6.1, restated here.

Lemma 6.1 Suppos€[fi x z.e]y (r,C,X) and C is
finitary satisfiable. Then for any € {a | 2 € fvars(e)}*,
C U{r* = 7} is still finitary satisfiable.

Proof: By inspection of the constraint generation rules

(Figure 5), it must be the case thais a base type variable,

sayT = a. LetS |=qn C. We use the notatiotf to mean

a stringt concatenatedtimes. Sincaan(.S) is finite, there

must bem andn such thatn < n andS(a®") = S(a®").
Foreachi > 0, letS; = {3+ S(B°") | B € dom(S)}.

By Lemma 6.4, it must be the case titat= C for eachs;.

Furthermore, sincean(S;) C ran(S), eachS; is a finite

range solution. Note that for ea¢h> 0 and a type variable



B, Si(B) = Si_1(8%). Also, S(a*™) = S(a*") implies
thatS,, (o) = S, (a) = S,—1(a®). Therefore,

(Umgig(n—l) Si)(a)
=Sn(a)USmii(a)U...US,_1(a)
=Sp1(@®)USn(e®)U...US,—2(a®)

= (Umgig(n—l) Si)(a®)

But by Lemma 6.3,(L,,<;,<,—1)S5:) FE C. Since
eachs; is finite range, so i$ |,,,<(,_1) Si. Therefore,
(Un<i<n—1) %) Fin CU{a =a}. O

7 Undecidability of REC-REACH

Lemma 7.2 The following are equivalent:

(1) There existss; and so such that there exists a path
red® -5 blue™ in graph(Cy).

(2) There exists; andws such that(w, red, m, w;) and
(w, blue m, ws) are reachable from each other i
without moving the head below the positian

(3) There existsw;, ws, and an ID W such that
(w,red,m,w;) reachesW in Y without moving
the head below the positiom and (w, blue m, w,)
reacheslV in Y without moving the head below the
positionm.

Problem (3) can be proved to be undecidable via the reduc-
tion from the halting problem. Therefore, problem (1) is

The constraint generation in Section 4 motivates the fol- undecidable. Itis easy to see that problem (1) is recussivel
lowing program analysis problem. We extend the language€numerable. SincREC-REACH is the dual of problem

with two constantsy ed andbl ue, and extend the con-

straint generation as follows:

[red]r = (red, 0, 0)
[bl uellr = (blug 0, M)

Here,red andblue are base type variables distinct from all
other type variables. The problem is to check that there ex-

ists no path of the formed™ ~5 blue™. Let us call this
program analysiREC-REACH. This kind of reachabil-

(2), it follows that
Theorem 7.3 REC-REACH is not recursively enumer-
able.

8 Conclusions

This paper shows that typability 6f + REC-INT is un-
decidable by means of characterizing typability as a CFL
graph problem and reducing from the boundedness prob-

ity query is commonly seen in CFL-based program analy- lem of Turing machines. We found reducing to an infinite
ses [14] with applications in control flow analysis, points- graph problem leads to a more understandable proof than

to analysis, and other safety analys&EC-REACH is a

reasoning directly on infinite type constraints. We suspect

straightforward polymorphic recursive extension of a sim- that a similar proof can be used to show that the problem

ple monomorphic unification-based flow analysis.

remains undecidable for extensions to any higher rank (e.g.

We use the framework developed in this paper to prove the system investigated in [2]).

that REC-REACH is undecidable. In fact, it is not even

As a corollary of the undecidability result, we showed

recursively enumerable, which implies that there exists no that the unification test is insufficient to build an incontple

type system equivalent tBEC-REACH (in the sense of
[11, 12]). WhileREC-REACH looks similar to the prob-

but terminating typability algorithm for, + REC-INT or
the Milner-Mycroft type system. We also proved undecid-

lem studied by Reps [15], our CFL graphs are more con- ability of the related program analysREC-REACH by
strained, and we do not know whether his proof approachusing the same CFL graph framework.

can be adopted.
LetY = (Q, A, T) be an ITM such thated, blue € Q.

One open question is whether the following problem is
decidable. Given a closed is thereS such thatS | C

We buildey and obtainCy- as in Section 5. Obviously, both  where[e]y = (,C, X) for somer and X? Note that if
Lemma 5.2 and Lemma 5.3 still hold. Furthermore, it is we strengthened the requirementté=4, C then the prob-
apparent from its proof that Lemma 5.2 can be strengthenedem becomes the typability problem fby+ REC-INT and

to the following:

Lemma7.1Let p be a path froma®t to (% in
graph(Cy) such that srfp) is a positive string. Then
(w@r(sm(p)), a, m, s10°°) and (w, 8, m — |sm(p)|, $20°°)
are reachable from each other ing without moving the
head below the positiom — |sm(p)|.

Combining Lemma 7.1 and Lemma 5.3, we have the fol-

lowing:

therefore becomes undecidable. There is a larger open ques-
tion: where the boundary between decidability and undecid-
ability is when it comes to polymorphic recursion (and how
to state this question in a formal way).
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Lemma 4.2 Lete be a closed term. Let bee such that
each occurrence of i x-bound variable is annotated with
a distinct number. Then is typable inl + REC-INT iff
Eiin C where(r, C, X') =[]y for somer and X .

Proof: We introduce the following notations:

ST) ={x:S(r) | (x:7) €T}
ftvarsT') = UTeran(F) ftvars(r)

To simplify the proof, we introduce the type system
| + REC-INT2 which uses the superscript annotations to

whereX = {a | 2 € fvarge’)}. For eacts € ¥*, letS; =
{a — S(a®) | « € dom(S)}. Then by Lemma 6.4, =

C for all s € ¥*. Therefore, by the induction hypothesis,
forall s € ¥*,

S U [ J{a:Se(a")} Fo € : So(T)

acx

BecauseS = U s (Ugex{™* = 7' | 7 € ran(I)})?,
we haveS;(I") = S(I') for all s € £*. Also, because

S E (Upextr® = aa})®, we haveS, (1) = Ss(aq) for

determine the type selected at each instantiation of theall s € ¥* anda € X.

VAR rule in the derivation. Formally, + REC-INT2 is
| + REC-INT with the type ruleREC-INT replaced by the
following rule:

Y ={a]|ax* €fvarge)} T is afinite set of types
Vr € TNa € X.R(r,a) €T
VreT.TU{z":R(r,a) |a € X} Foe:T)
T'Hofixze: 7
and theVAR rule is replaced by the following rule:
P(z)=r
Ihox:7T
Note thatz may be a variable with non-empty superscript
annotation. Itis easy to see thas typable inl +REC-INT
iff ¢’ is typable inl + REC-INT2. Therefore, it suffices to
show thate’ is typable inl + REC-INT2 iff |=qn, C where
(r,C, X) = [¢']p for somer and X.
He show the following by induction on any teren(closed
or open) whosd i x-bound variables are annotated with
distinctnumbers. Letr, C, X) = [e]r. Suppose |=iin C.
Then,S(T) kg e : S(7).

Suppose is a variable, say.. By inspection of the con-
straint generation rules, we have= T'(z) andC = 0.
ThereforeS(T") kg x : S(7).

Suppose: is e; es. By inspection of the constraint gen-
eration rules, we havge,r = (m1,Cy, X1) and[ex]lr =
(TQ,CQ,XQ) whereC; U Cy U {Tl = Q—T, Ty = Oé} =C.
We haveS =i, C1 andS |1n C2. Hence by the induction
hypothesisS(T") ko €1 : S(m1) andS(T") ko ez : S(72).
SinceS(71) = S(a)—S(1) = S(12)—S(7), it follows that
S(F) |—0 €1 €9 . S(T)

Supposee is Az.e’. By inspection of the constraint
generation rules, we have']r .« = (7/,C’, X’) where
C'U{r = a—7'} = C. We haveS ks C'. Hence by
the induction hypothesisi(T', z: ) o ¢’ : S(7’). Since
S(7) = S(a)—=S(7"), itfollows thatS(T") ko Az.e’ : S(7).

Supposee is fi x z.e/. By inspection of the con-
straint generation rules, we ha\[[e’]]puuaez{za:%} =
(r',C’, X") whereC =

U (C'u U {T*=7"|7 eran(D)} U {7 = a,})*

sex* acy

eT

11

LetT = {Ss(7) | s € ¥*}. Becausean(S) is finite, T’
is finite. LetR’ C {Ss(7) — {a — Ss(ay) | a € B} |
Ss(1) € T} be a function such thatomR’) = T. Note
thatran(R) C ¥ — T. DefineR by currying: R(7,a) =
R'(7)(a) forall (1,a) € T x X. Then,

vr' e T.ST)U{z":R(r',;a) |la € X} ko e : 7

Note that for all7 € T and alla € X, we have
R(r',a) € T. Also, S(t) = Sc.(r) € T. Therefore,
ST) ko fixaxze :S(7).

We show the following by induction on any teren(closed
or open) whosd i x-bound variables are annotated with
distinct numbers. Supposétg e : 7. LetI” be a type
environment such thaan(I'") C Base andI”(x) is distinct
for eachz € domI”). Let (v, C, X) = [e]r.. Then there
existsS such thatS(I'") =T, S(7') = 7, andS |4in C.

Suppose is a variable, say.. By inspection of the type
checking rules, it must be the case thét) = 7. We have
7' =T'(z) andC = 0. LetS = {I"(z) — I'(z) | = €
dom(I”)}. ThenS(I') =T, S(r') = S(I'(z)) =T'(x) =
T, andS IZﬁn C.

Suppose: is e; eo. By inspection of the type checking
rules, it must be the case thBtkg e; : ,—7 andI’
ey @ To. By inspection of the constraint generation rules,
(11,C1, X1) = [er]r, (13,02, X2) = [e2]r, andC =
C1UCy U{r = a—7',7% = a} suchthatX; N Xo =0
and7’ and« are distinct base type variables notin U
Xo Uran(T”).

By the induction hypothesis, there existsand.S; such
thatSl(F’) = SQ(FI) =T, Sl(T{) = To—T, SQ(Té) = To,

S1 Etin C1, andSs iin C2. By inspection of the constraint
generation rules, we may assuen(.S;) N dom(Ss)
ran(I”) and ', ¢ dom(S;) U dom(S2) without loss of
generality. Therefore§ = S;1 U S U {7/ — 7,a+— 7o} IS

a valid mapping, and we hav{I'’) = T, S(7') = 7, and

S =in C.

Suppose: is \z.¢’. By inspection of the type checking
rules, it must be the case tHatz: 7 g ¢’ : » wherer =
T1—79. By inspection of the constraint generation rules,
(r",C", X)) = [€]r ga andC = C"U{T = a—7"}



such thatoe and 7’ are distinct base type variables not in
X Uran(TY).

By the induction hypothesis, there exisi$ such that
ST x:a) = T,z:7m), S'(7") = 72, andS’" Eiin C

Lemma 4.3 Letp be a path fromx to 5 in graph(C') such
that snip) is a positive string. Suppose}= C. Then there
existsr such that projr, sm(p)) = § andS(a) = S(7).

By |nspect|on of the constraint generation rules, we may Proof: We prove the result by induction on the structure of

assume”’ ¢ dom(S”) without loss of generality. Therefore,
S =S5 U{r — m—m} is avalid mapping, and we have
ST =T,5(r") = m—m =71,andS =i C

Suppose: isfi x z.e/. By inspection of the type check-
ing rules, it must be the case that

Y ={a|z* cfvarge’)}

T is afinite set of types

VreTNa€ X.R(r,a) €T

Vre TTU{az":R(r,a) |a€ X} toe : 7
TeT

By inspection of the constraint generation rules, we have

Y ={a]|z®efvarge)}

X' =XU{a,|aeX}

Va € E.aq € Base \ (ran(I") U X'\ {a,})

(T/v O/vX) = Hel]]l“’uuaez{za:aa}

C" =Uesi =n | eran(I)} U{7"* = o}
C =Uses-(C"UCY)

LetI” = T" U J,exn {2 aq}. By the induction hypoth-
esis, for everyr € T (not to be confused with from the
assumption), there exists such that

STy =T U{z*:R(r,a) |a € X}
Sty =1
Sr Efin C

We define the mapping fromT x ¥* to T as follows:

Vre T.K(t,e) =T
V1 € TNa € £.K(7,as) = R(K(T,s),a)

Fors € ¥* and an assignmets, we defineS® = {a® —

S(a) | o € dom($)}. Let S = Uycy. (Sic(r0)*- By in-
spection of the constraint generation rul§sis a function
(recall thatf i x-bound variable annotations are distinct).
Note thatran(s) is finite becausean(sS) = |, ., ran(S:).
Clearly,S = U,cx- € andS = U,cx- {1 =71 | 11 €
ran(I”)}. Also,

S( ) (SKTS)) ( ) SK(TS)(QG) —R(K(T,S),CL)
and

S(T/as) = (SK(T,as))as (T/as) = SK(T,as) (T/) = K(T’ G’S)
HenceS(a?) = R(K(7,s),a) = K(r, as) = S(r'%*).
ThereforeS(I'") =T, S(7') = 7, andS Efin C

O
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positive paths. Base case: Suppasé (. By LemmaB.1,
S(a) = S(B). So letr = 3, and we haveroj(r,e) =
andS(a) = S(r).

Supposenr ~5 v A (#. By the induction hypothesis,
there existsr such thatproj(r,t) = 5 andS(y) = S(7).
But by Lemma B.1,5(«) = S(v). ThereforeS(a) =
S(7).

Supposex ), ~ A B. Then by construction(c =
~v—k) € C for somers. HenceS(a) = S(y—k). By the
induction hypothesis, there existssuch thaproj(7’,t) =
B and S(v) S(r’). Letr 7'—k. Note that
proj(r'—«,)) = 7. Thereforeproj(t,)t) = g andS(a) =

S(7). The casev ]

(3 is similar. O

t
—>’7'\,>

Lemma5.2 Let p be a path froma®t to (% in
graph(Cy) such that srfp) is a positive string. Then
<w@r(5n‘(p)), «,m, 51000> and <w767m - |Sn(p)|7 SQOOO>
are reachable from each other .

Proof: We prove the result by induction on the struc-
ture of positive paths. Base case: Suppage ~ (3°2.
By Lemma B.2,(w, o, m, s10°°) and(w, 8, m, s20>°) are
reachable from each other.

Supposea’ 5 4% <L g2, By the in-
duction  hypothesis, (w@r(¢),~,m, s30°°) and
(w,B,m — [t|,s20°°) are reachable from each other.
But by Lemma B.2, (w@r(t),a,m,s10°) and

(wa@r(t),~y,m,s30>°) are reachable from each other.
Therefore{w@r(t), o, m, s10°°) and{w, 3, m—[t], s20°°)
are reachable from each other.

Suppose o®! ), ~33 £%2. By the con-
struction of graph(Cy), it must be the case that
(o, —=1,0,a,v) € Tg and s3 asi. There-

fore due to symmetry, (w@r()t), o, m,s10°°) and

t
o g

(wa@r(t),y,m — 1,s30°°) are reachable from each other.
By the mduction hypothesis(w@r(t),v,m — 1, $30°°)
and (w,8,m — 1 — |t|,s20°°) are reachable from
each other. Therefore (w@r()t), a,m, s10°°) and

(w, B,m — 1 — |t|, s20°°) are reachable from each other.

]

t . . .
The casex® — ~%3 ~» %2 is similar.O

Lemma 5.3 Suppose  (w@r(t1), o, m, $10°°) and
(wQr(tg),B,m — |t1] [t2|, $20°°) are reachable
from each other inYs without moving the head below the
positionm — |¢;| and without moving the head above the
positionm + |s1|. Further supposé | + |s1| = |t2| + |s2]|.



Supposex®! 5N ~%¢ in graph(Cy). Theng*: et

graph(Cy ).

Proof: We prove the result by induction on the number of
Y transitions. Base case: for no move,= 2, a = (3,
ands; = ss. So the result follows trivially.
Suppose (wa@r(ty1), a, m, $10°)
(wQr(ta), B,m — |t1| + |t2], s20%° > by

%3 in

reaches

(wQr(t1), @, m, as40%) Fy,
(w@r()ty), k,m + 1, 840°)

(war()ty), &, m—|—1 $40%°) Fyy
<w@r(t2) |t1| + |t2| §90%° >

via{a,+1,a,0,k) € Ts

whereass = s;. Note that it is necessary thaj exists
since the head does not move above the positiof |s; |,
i.e., s1 # e. Note that|)t;| = |t1] + 1. Therefore,
(w@r()t1), K, m + 1,540°°) and (w@r(tz), 8, (m + 1) —
Dt1] + |t2], s20°°) are reachable from each other without
moving the head below the positigm + 1) — [)¢;| and
without moving the head above the position + 1) + |s4].
Also, |)t1] + |s4| = |t2| + |s2]. By the construction of

graph(Cy), k4 2 a®t. Thereforegss g %3, Hence by

~
the induction hypothesig;*? 2, ~%3. The case where the
next step is da, +1, a, 1, k) transition is similar.

Suppose (wa@r(ty1), a, m, $10%°) reaches
<w@r(t2) — |t1| + |t2| 820 > by
(w@r()tg),a,m, $10%°) by,
(w@r(tg), k,m—1,as10°) via{a,—1,0,a,k) € Ts
<’w@|’(t3) -1 CLSlO >|_Ys
<w@r(t2) — [t1] + [t2], 520°°)

where)t; = t;. Note that it is necessary that exists
since the head does not move below the positior |t1],
i.e., t1 # e. Note that|ts] = |t1] — 1. Therefore,
(waQr(ts), K, m — 1,as10°) Fy, and (wQr(tz), 5, m —
[t1] + |t2], $20°°) are reachable from each other without
moving the head below the positiém — 1) — |¢3| and with-
out moving the head above the position — 1) + |as|.
Also, |ts| + |as1| = |t2| + |s2|. By the construction of

graph(Cy ), k**1 —(> o', Therefore,x5! L ast %3

~%3, i.e., K*1 z, ~v%3. Hence by the induction hypoth-
esis, [3%2 2, ~%. The case where the next step is a

(a, —1,1, a, k) transition is similard

Lemma 6.3 Supposes; = C andSs = C. ThenS; U
Sy = C.

Proof: Let S = S; U S,. Picke € C. We show that
S | {c} by case analysis on

Supposer is « = 3. We haveS;(a) = Si(8) and
Sg(a) = Sg(ﬂ) HenceS(a) Sl(a) L Sg(a)
S1(8) U Sa(8) = S(B).
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Suppose: is a = f—. We haveS; (a) = S1(8—y

S1(8)—=S1(v) and Sz () = Sz(B—7) = S2(8)—
Therefore,

):
Sa(7)-

S(a) = Si(a)USsy(a)
= (S1(B)—=S1() U (S2(B8)—5S2(7))
= (S1(8) U S2(B))—(S1(v) U Sa2(7))
= S(B)—S(v)
= S(B—7)

Lemma 6.4 Let C be a set of constraints and be an al-
phabet. LetC" = |J, .- C°. Supposes |= C’. Then for
anys € ¥*, {a— S(a*®)} £ C".

Proof: Let S’ = {a — S(a®)}. Supposer; = 7, € (.
Then(rf = 75) € C'. Therefore,S'(r1) = S(7§)
S(75) = S'(m2). HenceS’ = C’. O

Lemma 7.2 The following are equivalent:

(1) There exists; and so such that there exists a path
red® ~5 blue® in graph(Cy).

(2) There exists; andws such that(w, red, m, w;) and
(w, blue m,ws) are reachable from each other i
without moving the head below the positian

(3) There existsw;, ws, and an ID W such that
(w,red,m,w;) reachesW in Y without moving
the head below the positiom and (w, blue m, ws)
reacheslV in Y without moving the head below the
positionm.

Proof: (1) < (2) follows from Lemma 7.1 and Lemma 5.3.
We prove (2)= (3).
(3)=(2)
Suppos€w, blug m, wy) = W, reachedV without mov-
ing the head below the positiom by W7 Fy ... by
W, by W. ThenW reached¥V; in Yg without moving
the head below the position by W Fy, W, Fy, ... Fyg
Wi. Thus if (w, red, m, wq) reached¥ in Y without mov-
ing the head below the position, (w, red, m, w;) reaches
Wy in Ys, and by symmetry, vice versa.
(2)=(3)
Suppose (w,red,m,w;) reaches (w,blue m,ws)
without moving the head below the positiom by
Wi by . bFyy W, where Wy (w, red, m, wy)
andW,, = (w,blugm,ws2). We claim that there exists
1 < j < n such thatiW; reachedV; andW,, reachedV;
in Y without moving the head below the position

Fori < n, we have eitheiV; Fy W, or Wi1q by
Wi;. If W; by Wi+l andWi Fy Wi_q, then becaus¥ is



deterministic)V; 1 = W;_1. Therefore Wy Fy, ... Fyg
Wi_1 bFyg Wita Fyg ... Fyg W, is a sequence of move
from W/ to W,, not going below the positiom. Continuing
to eliminate suchV,_y Fy, W; Fyy, Wipr Fye Wi
moves from the sequence leaves us with a sequiéfidey
I_Ys Wj l—ys l—ys %% such than Fy ... Fy Wj

S

andW,, y ...y W, without moving the head below the

positionm.
O

B Additional Lemmas

These lemmas are used in the proofs in Appendix A.

Lemma B.1 Supposer ~ 3 in graph(C). Supposes =
C. ThenS(«a) = S(B).

Proof: We prove the result by induction on the structure
of matched paths. Base case:alf-> 3 is an edge, then

by constructionNa = ) € C, henceS(a) = S(3). For
self-match,S(a) = S(a).

Supposer ~~ v ~5 3. By the induction hypothesis,

S(a) = S(y) andS(y) = S(B). ThereforeS(«) = S(5).

Supposey 1S v ~5 4/ % 3. By the induction hypoth-
esis,S(y) = S(v'). By construction(y = a—k) € C
and(y’ = f—«') € C for some type variables andx’.
Therefore,

S(a)=S(k) = S(7) = () = S(B)—S(x)

Therefore,S(a) = S(3). The casex 4 7y Sy L gis
similar. O

LemmaB.2 If o -~5 3% in graph(Cy), then
(w,,m,510°) and (w, 3, m,s20°) are reachable

from each other irv’s without moving the head below the

positionm.

Proof: We prove the result by induction on the structure

of matched paths. Base case: there aresa@dges in
graph(Cy). Then the self-matched case, ig! ~ o, is
trivial.

Supposex® ~5 ~% -5 352, By the induction hypoth-

esis, (w, a, m, $10°°) and (w,y, m, s30°°) are reachable

from each other without moving the head below the position

m, and(w, vy, m, s30°°) and(w, 3, m, so0°°) are reachable

from each other without moving the head below the posi-

tion m. Therefore(w, o, m, s10°°) and (w, 8, m, $50°°)

a € {0,1} and that(y, —1,0, a, @) € Ts. SinceTg is sym-
metric, (o, +1,a,0,7) € Ts. Therefore (w, a, m, s10°°)
and (w0,~, m + 1, s30°°) are reachable from each other.
By the induction hypothesisiw0, v, m + 1,s30°) and
(w0, kK, m+1, s,0°°) are reachable from each other without
moving the head below the positian+ 1. By the construc-
tion of graph(Cy ), it must be the case that = as, for
somea € {0, 1} and thatx, —1,0,a, 8) € Ts. SinceTs is
symmetric,(3, +1,a,0, k) € Ts. Therefore (w0, x, m +
1,840%) and (w, 5, m, s20°°) are reachable from each
other. Thereforéw, o, m, $10°°) and{(w, 8, m, s50°°) are
reachable from each other without moving the head below

the positionm. The casex’! iR %8 S kS IR 552 is

similar. O

are reachable from each other without moving the head be-

low the positionm.

Supposey’! 4 58 S 4 ), (3%2. By the construction

of graph(Cy ), it must be the case thai = as3 for some
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