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NASA “Star Wars” experiment, 1983

23rd March 1983. Ronald Reagan 
announces SDI (or “Star Wars”): ground-
based and space-based systems to 
protect the US from attack by strategic 
nuclear ballistic missiles.

http://upload.wikimedia.org/wikipedia/en/e/e5/C13571-8a.jpg
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Mirror on underside 
of shuttle

SDI experiment: 
The plan

Big mountain in Hawaii
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SDI experiment:
The reality
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The reality
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NASA Mars Climate Orbiter, 1999



Solution

• Check units at development time, by

– Static analysis, or

– Type checking



Not a new 
idea!



Last 
century...



...put into 
practice at 

last!



Talk overview

• Practice

– What is F#?

– A tour of units in F#

– Case studies

• Theory

– Type system

– Type inference

• Future



What is F#?

• It’s a functional language in the ML tradition
core is compatible with core of Caml

+ .NET object model , builds on experience of SML.NET, MLj

+ active patterns, quotations, monad comprehensions, units-of-measure,  
lightweight syntax and other features

• Shipping as a product with next release of Visual Studio
– Community Tech Preview released September 08

– Also available for Mac/Linux via the Mono runtime

– Come to Don Syme’s CUFP talk (9am Friday), or the DEFUN tutorial 
(Sunday pm)



Units-of-measure in F#

• Type system extension
– Not just a static analysis tool

• Minimally invasive
– Type inference, in the spirit of ML & Haskell 

• Annotate literals with units, let inference do the rest

• But overloading must be resolved

– No run-time cost (erasure)

• Support F# object model as far as possible

• Extensible
– Not just for floats!



Feature Tour



Case studies

• We’ve been using the units feature at Microsoft for a 
few months now

– Machine learning (Ralf Herbrich)

– Games (Phil Trelford)

– Physics simulation (Philipp Hennig, Don Syme, Chris Smith)

– Finance (Luca Bolognese)



Feedback from users

• Units are useful
– They really do catch unit errors (Ralf, Phil, Philipp)

– They inform the developer, and “correct” types help catch errors e.g.

• Automatic unit conversions: would be nice, but surprisingly 
not a big request

• Need for “unit asserts” for external code e.g.



Theory



The type system, informally

• Take the ML type system with Hindley-Milner inference

• Add a new sort: Measure

• Add operators on Measures (product, inverse, no units)

• Build in equational theory on Measures (commutativity, 
associativity, identity, inverses i.e. Abelian group)

• Refine the types of arithmetic operators e.g.

product

no units

inverse



Toy type system, formally



Type inference and principal types

• The type systems of SML, Caml, Haskell and F# have (in principle, 
at least) the principal types property:

– if expression e is typeable there exists a unique type scheme ¾
such that all valid types are instances of ¾

– moreover, an inference algorithm will find the principal type

• If type checking e produces a type scheme that instantiates to ¿
write tc(e) · ¿

• We can express correctness as

– Soundness: tc(e) · ¿)` e : ¿

– Completeness: ` e : ¿) tc(e) · ¿

• Units-of-measure also have principal types, but algorithm is 
trickier



ML type inference algorithm

• Two essential ingredients

1. Unification. A unifier of two types ¿1 and ¿2 is a 
substitution S on type variables such that S(¿1)=S(¿2). For 
unifiable types, there is a most general unifier.

2. Generalization. To type  let x = e1 in e2 find a type ¿ for e1

and then quantify on the variables that are free in ¿ but 
not free in the type environment ¡.



The good news...

• For units, a unifier of two unit expressions ¹1 and ¹2 is a 
substitution S on unit variables such that S(¹1)=U S(¹2)

• Fortunately, Abelian Group unification is 
– unitary (unique most general unifiers exist with respect to the 

equational theory), and 

– decidable (algorithm is a variation of Gaussian elimination)



Unification algorithm

Unify(¹1; ¹2) = UnifyOne(¹1 ¢ ¹2¡1)

UnifyOne(¹) =

let ¹ = ux11 ¢ ¢ ¢uxmm ¢ by11 ¢ ¢ ¢ bynn where jx1j 6 jx2j; ¢ ¢ ¢ ; jxmj
in

if m = 0 and n = 0 then I

if m = 0 and n 6= 0 then fail

if m = 1 and x1 j yi for all i then fu1 7! b
¡y1=x1
1 ¢ ¢ ¢ b¡yn=x1m g

if m = 1 otherwise then fail

else S2 ± S1 where

S1 = fu1 7! u1 ¢ u¡bx2=x1c2 ¢ ¢ ¢u¡bxm=x1cm ¢ b¡by1=x1c1 ¢ ¢ ¢ b¡byn=x1cn g
S2 = UnifyOne(S1(¹))



Unification in action

u3 ¢ v2 =U kg6

u3 ¢ v2 ¢ kg¡6 =U 1

rewrite

u ¢ v2 =U 1

fv 7! v ¢ u¡1 ¢ kg3gapply

fu 7! u ¢ v¡2gapply

u=U 1

fu 7! 1g

Success!

apply

1=U 1



The bad news...

• Generalization based on free variables is sound but not complete 
for units-of-measure

• Why? Because the notion of syntactic free variables is not stable 
under various transformations.
1. “Free variables” is not stable under equivalence of types e.g.

fv(u¢ v ¢ u-1)  fv (v).
Solution: normalize

2. “Free variables” is not stable under equivalence of type schemes e.g.
fv (8 u. float<u¢ v> float<u¢ v>)  fv(8 u.float<u> float<u>)
Solution: normalize

3. “Generalizable variables” is not stable under equivalence of typings e.g.
d : float<u¢ v> ` expr : float<u> float<v> 
d : float<u¢ v> ` expr : float<u¢ w> float<v¢ w-1>
Solution: normalize



Type Scheme Equivalence

• Two type schemes are equivalent if they instantiate to the 
same set of types

• For vanilla ML, this just amounts to renaming quantified type 
variables or removing redundant quantifiers.

• For ML + units, there are many non-trivial equivalences.  E.g.

= : 8uv:floatu ! float v ! floatu ¢ v¡1
= : 8uvw:floatw ¢ u ! float v ! floatw ¢ u ¢ v¡1
= : 8uv:floatu¡1 ! float v¡1 ! floatu¡1 ¢ v
= : 8uv:floatu ¢ v ! floatu ! float v

= : 8uv:floatu ! float v¡1 ! floatu ¢ v
= : 8uv:floatw ¢ u ! floatw ¢ v ! floatu ¢ v¡1



Simplifying type schemes

• It’s possible to show that two type schemes are equivalent iff there 
is an invertible substitution on the bound variables that maps 
between them (this is a “change of basis”)

• Idea: compute such a substitution that puts a type scheme in some 
kind of preferred “normal form”. Desirable properties:
– No redundant bound or free variables (so number of variables = number 

of “degrees of freedom”)

– Minimize size of exponents

– Use positive exponents if possible

– Unique up to renaming

• Such a form does exist, and corresponds to Hermite Normal Form 
from algebra
– Pleasant side-effect: deterministic ordering on variables in type



Simplification in action

8uv:floatw ¢ u! floatw ¢ v¡1 ! floatu ¢ v
fu 7! u ¢w¡1g

fv 7! v ¢w¡1g

8uv:floatu! floatw ¢ v¡1 ! floatw¡1 ¢ u ¢ v
fv 7! v¡1g

8uv:floatu! floatw ¢ v ! floatw¡1 ¢ u ¢ v¡1

8uv:floatu! floatv! floatu ¢ v¡1



Generalization: example problem

;; ¡ ` ¸x:let f = =x in (f 1.0<kg>; f 2.0<s>) : ?

• Suppose

¡; x : floatu ¢ v ` =x : floatu! floatv

¡ = f= : 8uv:floatu ¢ v ! floatu! floatvg
• Infer a type for

u 7! u ¢ v¡1

¡; x : floatu ` =x : floatu ¢ v¡1 ! floatv

• Problem: when typing let, we can’t generalize:

• Solution: apply a “simplifying” substitution to the environment:



Generalization

• Recipe:
– Use the “simplify” algorithm on the free variables of the type 

environment ¡ to compute an invertible change-of-basis substitution S

– Apply S to both ¡ and the inferred type ¿

– Compute generalizable variables in the usual way i.e. fv(S(¿)) \ fv(S(¡))

– Apply S-1 to the resulting type scheme.

• Summary:

Gen(¡; ¿) = S¡1(8u1; : : : ; un:S(¿))
where fv(S(¿)) n fv(S(¡)) = fu1; : : : ; ung
and S is simpli¯er of free variables of ¡:



Generalization in action

¡; x : floatu ¢ v ` =x : floatu! floatv

u 7! u ¢ v¡1

¡; x : floatu ` =x : floatu ¢ v¡1 ! floatv

¡; x : floatu ` =x : 8v:floatu ¢ v¡1 ! floatv

u 7!u ¢ v
¡; x : floatu ` =x : 8w:floatu ¢w¡1 ! floatw

¡; x : floatu ¢ v ` =x : 8w:floatu ¢ v ¢w¡1 ! floatw

quantify

rename



Beyond Hindley-Milner

• Non-regular datatypes

• Polymorphic recursion



Future developments (F# v.next?)

• Automatic unit conversion
– FAQ, but not a top priority for developers who have tried out the 

feature

– Implicit insertion of floating-point operations considered harmful?

• Units for external code: asserting a type
– Should be controlled: not a general cast mechanism

• Higher kinds e.g. Consider 



Conclusion

• Units-of-measure types occupy a “sweet spot” in the 
space of type systems

– Type system is easy to understand for novices

– Typing rules are very simple

– Types have a simple form (e.g. no constrained 
polymorphism)

– Types don’t intrude (there is rarely any need for 
annotation)

– Behind the scenes, inference is non-trivial but practical



Pointers

• F# download: 
http://msdn.microsoft.com/fsharp

• Blog on units: 
http://blogs.msdn.com/andrewkennedy

• Thesis and papers: 
http://research.microsoft.com/~akenn/units

http://msdn.microsoft.com/fsharp
http://blogs.msdn.com/andrewkennedy
http://research.microsoft.com/~akenn/units

