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MotivationTwo targets for mat
h 
ompilers.

• Ba
ktra
king automata (Augustsson FPCA'85,OCaml, Haskell).
• De
ision trees (SML).Bene�ts/drawba
ks:
• Ba
ktra
king automata o�er linear guarantee in 
odesize, but may test the same position more than on
e.

• De
ision trees are just the opposite.A matter of 
ode size vs. runtime e�
ien
y?
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A pra
ti
al approa
hCompare optimizing mat
h 
ompiler experimentally.

• Compiling to de
ision trees.

• Good de
ision trees.
• Compiling to good de
ision trees.

• Compare.Referen
e for ba
ktra
king automata: OCaml.
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Compiling pattern mat
hing?A (Ca)ML program.type bool = T | Flet f x y z = mat
h x,y,z with| _,F,T -> 1| F,T,_ -> 2| _,_,F -> 3| _,_,T -> 4Compile:

• Write the same, without using mat
h � here using if.To de
ision trees:

• When testing x, y or z, 
onsider all possible values,and draw all 
on
lusions.
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Matri
es, the right toolSimultaneous mat
hing of x, y, z.

( x y z )














F T → 1F T → 2F → 3T → 4















Test variables, one by oneLet us start by testing x.x 
an be F, or something else (look at 
onstru
tors in
olumn x).
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Assume x is FThen, y and z are still to be tested.

( x y z )














F T → 1F T → 2F → 3T → 4















( y z )














F T → 1T → 2F → 3T → 4















In paper: spe
ialization by 
onstru
tor F.
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Assume x is something elseThen, y and z are still to be tested.

( x y z )














F T → 1F T → 2F → 3T → 4















( y z )








F T → 1F → 3T → 4









Row 2 
annot mat
h, by �something else� hypothesis.In paper: 
ompute default matrix.
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First 
ompilation step

C((x y z),














F T → 1F T → 2F → 3T → 4















) =

if x then C((y z),


F T → 1F → 3T → 4









) else C((y z),














F T → 1T → 2F → 3T → 4















)

Noti
e: rows 1, 3 and 4 are dupli
ated (wild
ards).
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Output of �naive� 
ompilation

Naive is (depth-�rst) left-to-right.

let f x y z =if x thenif y thenif z then 4 else 3elseif z then 1 else 3elseif y then 2elseif z then 1 else 3
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A better way to show 
ompiler output

x

1

3

yF

y

*

z
F

2
T

T

F

zF

z

*

T

F

F

4
T

A de
ision tree, indeed.
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Sharing tests
x

1

3

yF

y

*

z
F

2
T

T

F

zF

z

*

T

F

F

4
T
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Good de
ision trees. . . are DAGs

x

3

z F

1TyF

y

*

F

2T

F

z

* F

4
T

(See Pettersson CC'92)
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Why test x, y, z in order ?Another de
ision tree.
x

1

3

zF

y

*

2y
F

y
T

*

T

F

T

z
F

z

*

T

F

F

4

T

All of them.
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A simpler exampleClassi
al list-mergemat
h xs,ys with| _,[℄ -> xs| [℄,_ -> ys| x::xs,y::ys -> . . .As a matrix:








[℄ → 1[℄ → 2:: :: → 3









14



Good de
isions trees?

xs

1

ys

[]

2

(::)

3

ys

[] (::)

[] (::)

ys

3

xs

(::)

2

[]

(::)

1

[]

Tree on the right is better.
• Smaller: 2 test (swit
h) nodes vs. 3.
• Shorter path:In 
ases where ys = [℄,we have 1 test vs. 2.Runtime behavior identi
al in other 
ases.
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Ne
essityDe�nition: In matrix (pj

i ), 
olumn i is needed for row jwhen all paths to leaf j test i.

xs

1

ys

[]

2

(::)

3

ys

[] (::)

[] (::)

xs

1

ys

[]

2

(::)

3

ys

[] (::)

[] (::)

xs

1

ys

[]

2

(::)

3

ys

[] (::)

[] (::)

xs

1

ys

[]

2

(::)

3

ys

[] (::)

[] (::)

ys

3

xs

(::)

2

[]

(::)

1

[]

ys

3

xs

(::)

2

[]

(::)

1

[]

ys

3

xs

(::)

2

[]

(::)

1

[]

ys

3

xs

(::)

2

[]

(::)

1

[]

Row 1: xs not needed, ys needed.Row 2: xs and ys needed.Row 3: xs and ys needed.
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Needed 
olumnDe�nition: In matrix (pj

i ), 
olumn i is needed, whenneeded for all rows.Ne
essity summary as a matrix.









[℄ → 1[℄ → 2:: :: → 3

















•

• •

• •









An explanation for de
ision tree quality:
ys

3

xs

(::)

2
[](::)

1
[]Column ys is needed.
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Testing needed 
olumns �rstMeans:First test 
olumns that must be tested anyway.Obviously.
• Tends to yield shorter paths (runtime e�
ien
y).

• Trees with shorter paths are likely to be smaller(
ode size).

Natural questions
• How to 
ompute ne
essity?
• What to do when none or several needed 
olumnsexist?
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Computing ne
essity on matri
es

• If pj
i 6= , then 
olumn i is needed for row j.

• If pj

i = , 
olumn i is needed for row j, i�. . .Proposition: Row j is useless (redundant) in matrix

P with 
olumn i erased.
P =







[℄[℄:: ::






, P/1 =







[℄::






, P/2 =







[℄::







First row of P/xs useful: xs not needed for row 1.

Se
ond row of P/ys useless: ys needed for row 2.
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Computing ne
essity, more di�
ult















F T → 1F T → 2F → 3T → 4





























? ?• ?•?• ?• ?? ? ?•?• ?• ?•














• Constru
tor patterns.
• Wild
ards..
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Heuristi
s
( x y z )














F T → 1F T → 2F → 3T → 4















( x y z )














• •

• •

•

• • •















• Heuristi
 n, needed 
olumns. Favor 
olumns neededfor a maximal number of rows (here y and z).
• Heuristi
 p, needed pre�x. Favor 
olumns needed fora maximal pre�x of rows (here y).
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Approximations in heuristi
sRepla
e �
olumn i is needed for row j� by �pj

i is a
onstru
tor pattern�.1. Avoid (
omplex, 
ostly) ne
essity 
omputations.2. Avoid 
opying rows into all spe
ialized matri
es.

• Heuristi
 d, small default. Approximation of n.

• Heuristi
 q, 
onstru
tor pre�x. Approximation of p.

• Heuristi
 f, �rst row. Favor 
olumns whose �rstpattern is a 
onstru
tor pattern � radi
alapproximation of p.d and f were previously known (S
ott & Ramsey 2000,SML)
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Other heuristi
s

• Heuristi
 b, small bran
hing fa
tor. Favor 
olumnswith a minimal number of di�erent head
onstru
tors. Et
.
• A total of 9 simple heuristi
s p, n, d, q, f, b a, ℓ, r.

• Sequen
es of heuristi
s pb. . . .
• Pseudo-heuristi
s are total ordering over subterms. L(breadth-�rst, left-to-right) , R (breadth-�rst,right-to-left) and N (naive 
ompilation).
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E�e
t of heuristi
s











F T → 1F T → 2F → 3T → 4





















• •

• •

•

• • •











Heuristi
 nR sele
ts z (n{x, y, z} → {y, z}, R{y, z} → z).if z then C((x y),( F → 1F T → 2
→ 4

) else C((x y),( F T → 2
→ 3

)

Heuristi
 p sele
ts y (p{x, y, z} → y).if y then C((x z),( F → 2F → 3T → 4

) else C((x z),( T → 1F → 3T → 4

)
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And �nally
nR pR

z

23

y

F

y

T

* x

T

F*

1

F

x

T

F

4

*

y

3

z

F

x

T

F 1

T

2

F

z

*

F

4

T
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And also nL pL

y

3

z

F

x

T

F 1

T

2

F

z

*

F

4

T

y

3

z

F

x

T

F 1

T

2

F

z

*

F

4

T
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Experiments � Methodology1. Sele
t examples from a variety of real world programs(semi automati
 sele
tion of 103 mat
hings).2. Apply all sequen
es of up to three heuristi
s (507heuristi
s) to all examples, twi
e (ties left broken byL and R), with a prototype 
ompiler.3. Estimate de
ision tree quality by:(a) Number of test nodes in DAGs (∼ 
ode size).(b) Average path length (∼ speed at runtime).4. Now we have 2 × 507 × 2 × 103 numbers. . .
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Dag size for pIn fa
t for pL and pR.
 0

 100

 200

 300

 400

 500

 600

 0  50  100  150  200

s/p

Ratios w.r.t. OCaml mat
h 
ompiler (referen
e 100).
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Average path length for pIn fa
t for pL and pR.
 30

 40

 50

 60

 70

 80

 90

 100

 110

 0  50  100  150  200

s/p

Ratios w.r.t. OCaml mat
h 
ompiler (referen
e 100).
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Comparing
• Compute (geometri
) means of data: yields 2numbers per heuristi
 (size and average path length).For single heuristi
s:q p f r n b a ℓ d NSize 86 88 92 92 91 97 98 94 97 106Path 86 86 87 89 86 94 91 87 88 92

• But there are 507 heuristi
s: group them in 
lasses.

• Find heuristi
s in the best 
lasses for both size andpath length.
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Classes of heuristi
s, sizes
 0

 20

 40

 60

 80

 100

 120

 140

 160

 180

 200

 82  84  86  88  90  92  94  96  98  100  102  104  106  108  110Best 
lass: qrp qrn qrd qr qdr qrℓ pdb qra prbfbn pba pqb pbr pbd qnb qpb pbℓ pbq fdb qrb qdbqbr qbp qbn qbd qb fbℓ qba fr qbℓ fra frd frℓfbr fbd frn frb
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Classes of heuristi
s, path lengths

 0

 20

 40

 60

 80

 100

 120

 140

 160

 180

 84  86  88  90  92  94  96Best 
lass: ...
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Best heuristi
sInterse
tion of sizes in 82�84 and paths in 84�86:pba pbd pbl pbq pbr pdb pqb prb qb qba qbd qblqbn qbp qbr qdb qdr qnb qpb qr qra qrb qrd qrlqrn qrpThe winner is qb (83.49/85.95) for instan
e, or pba(83.75/85.83).Or maybe fdb (SML/NJ, 83.51/86.07).Anyway, N is a looser (106.38/92.47).
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A
tual performan
eImplemented the new mat
h 
ompiler for OCaml.Measured signi�
ant improvement (over standardOCaml) in �nal program speed for qba.

Con
lusion
• De
ision trees are 
ompetitive in pra
ti
e, whenoptimized.
• De
ision tress are easy to optimize. A simplealgorithm + simple extensions:� A simple and e�e
tive heuristi
 (for instan
e qba).� Maximal sharing by hash-
onsing.
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