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Abstract

Hiittel [3] gave a proof of the undecidability of BPP equivalences. In this note,
we point out some of the flaws in his proof, and provide a new, actually simpler
proof.

1 Flaws in Huttel’s Proof

Hiittel [3] proves that all BPP equivalences between ready simulation equivalence and
trace equivalence are undecidable by encoding a Minsky machine M into two BPP
processes L and L, so that (i) If M halts, then the trace set of L is not a subset of the
trace set of L, and (ii) If M does not halt, then L ready-simulates L. The proof contains
the following major flaws.

1. The proof of Theorem 6 (the main theorem) says:
“If M does not halt, Ly = L, is unreachable, and R = - - - is seen to be a ready-
simulation.”
This is wrong, because L may reach Lg,, by invalid transitions. Therefore, the
definition of the relation R must be modified, at least to include a pair having
Liop on the left-hand side. Moreover, the first pair:

(Lj |G [ Ol | Leo | Lea, Ly | CFY | Oy | Leo | Lea)
does not satisfy the conditions required for R to be a ready-simulation. For exam-
ple, if j is a type 1 instruction, the lefthand side can make the following transition:

"

1.
Li |G| CP oy | Leo | Ly == 15;G O | CPyy | Leo | Lea-

It should be matched by:

for some S C Acty. However, Iy is in the ready set of Hg |C™ | CP | Leo | Le1 but
not in that of I5,G [C]" |C} ;| Leo | Let



2. The proof of Corollary 8 (which deduces the undecidability of equivalence relations
from the undecidability of preorders) says:
“As any equivalence C’ from ready simulation downwards in the hierarchy of Fig-
ure 1 is ... and satisfies
EC FifE ="' E+ F

where =/’ is the equivalence closure of C"”
This does not hold in general. For example, let =’ be the ready simulation, and
E=aand F=0. Then, E=' E+ F but EZ' F.

The second flaw is not so hard to fix. On the other hand, we worked hard to fix the
first flaw, but failed. We change (or actually simplify) the encoding of Minsky machines
and give a new proof using the simplified encoding. In the rest of this note, we first
introduce the syntax and semantics of BPP processes and Minsky machines in Sections 2
and 3. We then prove that all the equivalences between trace equivalence and ready
simulation equivalence are undecidable, using the new encoding.

2 Basic Parallel Processes (BPP)

BPP [1] is a calculus of processes consisting of prefixes, parallel composition, internal
choice, and recursion. Unlike in CCS [4], there is no synchronization mechanism (such
as the transition a.P|a.Q — P|Q).

2.1 Syntax

The syntax of processes is given by:
P:=0|X|IP|(P|Q)|P+Q|uX.P

Here, X and [ are meta-variables ranging over the sets of process variables and action
labels respectively. We write Act for the set of action labels, and write BPP 5t for the
set of BPP processes whose action labels are in the set Act.

The process 0 does nothing. A process [P first performs [ and then behaves like P.
P|Q is a parallel composition of P and @, and P + @ is an internal choice of P or Q.
uX. P stands for the recursive process X usually defined by the equation X = P.

We often omit 0 and just write a for a0. We give a higher-precedence to unary
prefixes, +, and | in this order, so that I; P; | l9 Py + 13 P3 means (llpl) | ((ZQPQ) + (lgpg))

We say that P is guarded by [ in [P. A recursive process uX.P is guarded if X
appears only in guarded positions of P. In the rest of this paper, we consider only
closed processes whose recursive processes are all guarded.

In this paper, we identify BPP processes up to the monoid laws: the associativity
and commutativity of |, and the law P |0 = P. For example, (a|b)|b and b|(b|a) are
considered identical.
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Figure 1: Transition rules of BPP processes

2.2 Operational semantics

The transition relation P — @ is the least relation closed under the rules in Figure 1.

2.3 Traces, simulations, and ready simulations

Definition 2.1 [trace preorder|: The set of traces of P, written trace(P), is {ajas - - - ay, |

p X p 2. O P,}. The trace preorder <y is defined by: P <, @ iff
trace(P) C trace(Q).

The simulation preorder is defined by:
Definition 2.2 [simulation]: A binary relation R on BPP processes is a simulation
if:

VP,Q,L.(PRQAP -5 P) = 3Q'.(Q - Q' A P'RQ)).
The simulation preorder <, is the union of all simulations, i.e., P <y, @ if and only
if there exists a simulation R such PRQ. We write P =4, Q if P <gm Q A Q <gim P.

Definition 2.3 [ready simulation]: A binary relation R on BPP processes is a ready
simulation iff whenever PR(Q),

e If P %5 P’ then there exists an Q' such that Q —— Q' and P'RQ’.
e readies(P) = readies(Q)

Here, readies(P) denotes the ready set {a | 3P'.P - P'}.

P <4y Q if and only if there exists a ready simulation R such that PRQ. We write
P “ready Q it P Sready Q A Q Sready P.

3 Minsky machine

A Minsky machine [5] has two counters, and consists of a sequence of the following
instructions:



e Type 1 instruction: ¢; := ¢; + 1;goto k
e Type 2 instruction: if ¢; = 0 then goto k; else ¢; := ¢; — 1;goto ks
e Halt instruction

Formally, Minsky machines can be defined as follows.

Definition 3.1: A Minsky machine M is a mapping from a finite set Addr,; of natural
numbers to the set of instructions:

{Inc;;, | i € {0,1},k € Addr U {L}} U{Cond; i, s, | i € {0,1}, k1, k2 € Addr U {L}}.

A state of a Minsky machine is a triple (k,mg, m1). The initial state oy of a Minsky

machine is (0,0,0). The transition relation B (where | € {inc;, then;, else; | i €

{0,1}}) is defined by:

M(k)=Inc;)y mi=m;+1 mi_, =mi

(k,mo,ma) L% (K miy, mh)

M(k)) = Condiykl’kz m; = 0

then,
(k,mo,my1) = (k1,mo, m1)

/ /
M (k) = Cond, i, k, m; >0 m; =m; — 1 mi_; =mi—;
else; ’ ’
<k7m07m1> 1M <k27m0am1>
. l1+ln . l In .
We write 0 =y o’ if 0 —5 s -+ —pr o for some lq, ..., 1,. We also write 0 =) o’

if 0 =) o for some s. A Minsky machine M halts if there is a reduction sequence
or = (L, my, mgy) for some my, mo.

The halting problem of Minsky machines is known to be undecidable [5]. In the rest
of this paper, we omit M and write 1, and = for LM and == ;.

4 Undecidability of BPP Process Equivalences

In this section, we show that all the preorders between the trace preorder and the ready
simulation preorder on BPP (i.e., all the preorders < such that <,cuqy € <C <yp) are
undecidable. Those undecidability results have been already claimed by Hiittel [3], but
we believe that our proof is simpler and more convincing (in fact, his proof seems to
contain some flaws, which we found hard to fix).

The idea of our proof is the same as that of Hiittel [3]: Given the initial state oy of
a Minsky machine M, we prepare two BPP processes [M], and [M]g, so that:

e If M halts, then [M]r L4 [M]g.



o If M does not halt, [M]r, <reaay [M]r.

Then, it is easy to deduce that, for any preorder < such that <4, € < C <y, a Minsky
machine M halts if and only if [M]; < [M]r holds. Since it is undecidable whether M
halts, the preorder < is also undecidable.

The basic idea of encodings is the same as that of Hirshfeld [2] used for proving the
undecidability of the trace preorder (except for some new tricks to equalize the ready
sets of [M]r and [M]g). A state (j,mg,m1) of a Minsky machine is represented by
processes of the form L;|CJ™ |C7™ and L; | Cy° | C}", where P™ denotes the parallel
composition of m copies of P. Basically, L; and fj are defined so that fj can do more
actions than L;, except the case j = L: L can do a special action w, while L, cannot.
Thus, fj can simulate the behavior of L; as long as the Minsky machine does not halt.

We first give the definition of [M]:

Definition 4.1: Let M be a Minsky machine. [M]y, is defined by:

[M]r = Lo

Ci = lg
I1(Ci| Ly) + U if M(j5) = Inc; .

Lj = l<iTi,k1 + Z[Ei’]f2 +U if M(]) = COIldiJﬂ’k2
wU +U ifj=_1

Tix = l>iLk +U E; = l]iLk +U
U = > aU U=> a
ac€Actg Actq

Here, ACt() = {l[, ldo, ldl,l<0,l<1,l>0, l>1,l[, l]o? l]l,w} and ACt1 = ACtQ \ {w} U {l*}

Intuitively, a transition of label inc¢; of a Minsky machine is simulated by the action
lr. A transition of label then; is simulated by the action sequence [y, and a transition
of label else; is simulated by [[lg]),. If M(j) = Inc;, L; performs the action /; and
increments the value of the counter i (by spawning a fresh copy of Cj). The role of
the process U is to force the ready set to be always Actg. In simulating the Minsky
machine, U is not intended to be used for simulating the Minsky machine; if U is used,
the special action I, would be put into the ready set.

If M(j) = Cond;, k,, then L; executes the then-branch and the else-branch in
a non-deterministic manner. Thus, [M]; may execute invalid instructions that the
machine M cannot execute. Such invalid transitions are simulated by the special process

G of [M]r given below.



Definition 4.2: Let M be a Minsky machine. [M]g is defined by:

[Mlr = Lo
Ci = L +1
i T
UCil L)+ Y 14,G+U if M(j) = Inc;
— 1€{0,1}
Li = QT+ Eip+ Y, aG+1,G+U if M(j) = Cond, , k,
1€{0,1}
0 if =1
Zi,k = l>i£k +lg, ,G+U
Eix = laLp+le, G+4,G+U
G = Z aG+U
aEActO

The main differences of [M]g from [M];, are as follows.

e L, cannot do any action, so that the process L |Cy | C}" (which corresponds
to the halting state of the Minsky machine) fails to simulate L | CJ™ | C]".

e A process of the form IG is added to fj, where G is a kind of universal process that
can simulate any behavior. G is used to simulate transitions of L; that are invalid
with respect to the Minsky machine. For example, in the state L;|Cj™ | C{™
where M(j) = Inc;y, the only valid action corresponding to an action of the
Minsky machine is I7, but L; | Cy™ | C{™ can also perform an action lg, if m; > 0.
Such an action is simulated by the sub-process l4,G of fj.

e The roles of [}, and g, in C; and E; ;, have been swapped: This is to take care
of the case where L;|Cy" | C"" performs invalid transitions [}, (vecall that the

valid transition sequence is [{l4,},). In that case, L, \Uglo |C]"" can simulate the
transitions by L; | Cy" | C] L Eix|Cy° 1O RN G|Cy°|CY".

e (; can also perform l(, action. This is to take care of the case where M(j) is
Cond; i, k,, mi > 0 but L;|Cy™ |C*" performs the actions I(,ly,. That invalid
tran81t10n sequence can be simulated by L; | C; " | C} i —5 L ]le i D,

G|C:~m |

Remark 4.3: In Hirshfeld’s encoding [2], a then-branch is modeled by a single action
li (instead of the two actions [(l), in our case), and C; is of the form l), + LiG. That
encoding does not seem to work for the result below.

Now we state the main result.

Theorem 4.4:

1. If <0, 0,0> — M <_L,m0,m1), then [[M]]L Lty [[MHR



2. If <0, 0,0> =M <J_,m0,m1), then [[M]]L Zready [[MHR
Proof: See Section 4.1 O

Corollary 4.5: If R is a preorder on BPP processes and <,¢4qy © R C <y, then the
relation R is undecidable.

Proof: Trivial from the fact that M does not halt if and only if [M]LR[M]r. O

Corollary 4.6: If R is an equivalence relation on BPP processes and =,¢44y € R C =4,
then the relation R is undecidable.

Proof: It suffices to show that M does not halt if and only if [M]r + [M]rR[M]r.
If M halts, then [M]r €4 [M]r, which implies that there is a sequence s such that
s € trace([M]r) but s & trace([M]r). Thus, [M]r + [M]r #u [M]r, which implies
~([M]L + [M]rR[M]Rr).

If M does not halt, then [M]1, <reqay [M]r. Let Ri be a ready simulation such that
(IM]r,[M]r) € Ri. Then, Ry U{([M]r+[M]r,[M]r)}UId (where Id is the identity
relation) is a ready simulation, which implies [M]r, + [M]r <ready [M]r- [M]Rr <ready
[M]r+[M]r also holds, since {([M]r, [M]r+[M]r)}UId is a ready simulation. Thus,
we have [M] + [M]r =ready [M]r, which implies [M] + [M]rR[M]r. O

4.1 Proof of Theorem 4.4

The rest of this section is devoted to the proof of Theorem 4.4.

Definition 4.7: Let 0 = (j,mo, m1) be a state of a Minsky machine M. The BPP
processes [o]r and [o]r are defined by:

[5,m,m]L = L; | Gg* | CF'
[[<j7m7n>]]R = L] | C’O |Cl

Here, L;, L;, C;, and C; are those defined in Definition 4.1.

Definition 4.8: Let A be an element of {inc;, then;, else;|i € {0,1}}. Then, [\] is
defined by:
[[mci]] = l[ [[then,-]] = l<zl>l [[elsei]] = l[ldll]z

The following lemma means that [o]; can simulate transitions of the Minsky ma-
chine.

Lemma 4.9: If ¢ — o, then lel M, o'l
Proof: Trivial by the definition of [o]. O

The following lemma means that [M]g can simulate a transition of the Minsky
machine only either by either performing valid actions, or by using the universal process
U.



Lemma 4.10: If ¢ = ¢/ and lelr N, P, then P = [¢']g or P = U'|Cy° | C}" for

some mg and m;.

Proof: Let o = (j,mg, m1) and o’ = (j', m(, m}). Case analysis on \.

o Case A = inc;. In this case, M(j) = Inc;; and [o]r = L; |Cy° |, with

m; = m; +1 and m{_, = mi_;. By the definition of L;, P must be either

(Cil L) |Gy | CT" =[] ox U"| Gy | O
o Case \ = then;. In this case, M(j) = Cond, /1, and [o]r = L;|Cy" |C}"", with

le. ly.
m; = m; =0 and m|_, = mi_;. Suppose [o]r _, P, i, p, By the definition
of Lj, P; must be either T; ;| Cy |C}"" or U'|C,° | C7". In the latter case, P
must be U’_| 68“1671”1. In the former case, by the definition of T; j», P must be
either L; |Cy |Cy" or U | Ty | O
o Case A = else;. In this case, M(j) = Cond; ;s and [o]r = L;|Cy° |CY", with

l la, .
m, =m; —1 > 0 and m)|_, = mi_,. Suppose [o]r L p N b Ji, p. By
the definition of L;, P must be either U’ |Cy |C}" or E; ;| Cy°|C7". In the
former case, P must be of the form U’ |Cy" | C}" for some m{ and m{. In the
latter case, P, must be either U"| Cy® | C}" or L | Cy* | Cy". In the former case,

P must be U'|C," | C]" for some m{ and m{. In the latter case, P must be
. —mg | =M1 — —=mh ,=m
elther U, | CO | Cl or L]/ ’ CO 0 | Cl 1.

4

We can now prove the first part of Theorem 4.4.

Lemma 4.11: If (0,0,0) == (L, mg, m;), then [M]r % [M]r.

Proof: Suppose (0,0,0) == (L, mg,m1). By Lemma 4.9, we have [s]w € trace([M]r).

Suppose [M]r 1UN P. Then, by Lemma 4.10, P must be [(_L,mg,m1)]r = 66”0 "

or U'|Cy'® | O™, In either case, P--. Therefore, [s]w ¢ trace([M]R). O
To show the second part of Theorem 4.4, we use the following up-to technique.

Lemma 4.12: [up-to technique|] Let R be a binary relation on BPP processes, which
satisfies the following conditions:

o If PRQ and P - P/, then Q@ -5 Q' and P’ <,eqdy R <ready @' for some Q.
o If PRQ), then readies(P) = readies(Q).

Then7 R ggready-



Proof: This follows from the fact that R U (<peady R <ready) is a ready simulation.
O

The following lemma states that G is universal in the sense that it can simulate any
(even invalid) state resulting from [M], (except for a process of the form U’ | Cy™ | C7™).

Lemma 4.13 [properties of G]: The following conditions hold for any mg, m1, ng, ny.

Lj ’ ano |Cin1 <ready G|6_gs |€_§: Ti,j ’ Cglo ’CIrLl <ready G’_ango @?1
E’i,j |C(7)no |Ci7"01 Sready G|COO |Cll U|an0 ‘ Cinl Sready G|COO |(j11

U’ ‘ ano ’ Cinl gready U’ | 630 |€7ll1
Proof: It suffices to show that the following relation R is a ready simulation.

{(Lj|Cge|C™, GICY° | YY) | € dom(M) U {L}, mg, m1,ng,n1 > 0}
{(Ti;1C™ | c, G|680 \6?1) |ie€{0,1},7 € dom(M)U{L}, mg,my,ng,n1 > 0}
{(Eiy |y O, GICY° | OV i€ {0,1},5 € dom(M) U{ L}, mg, m1,m9,n1 > 0}
{(U|06HO|C{M’ G|680 ’671“) ’mo,mlvn()?nl > 0}

{w'|cge o, U1 C" [ O | mo, ma,mo,ma > 0}

ccccl

Suppose that (P, Q) is in the R. It is easy to check that readies(P) = readies(Q): If
(P, Q) is in the fifth set, then readies(P) = readies(Q)) = Acty. Otherwise, readies(P) =
readies(Q)) = Acty.

Tt remains to show that P —— P’ implies that Q LN Q' and (P, Q') € R for some

oy l . . ..
Q'. The case where the transition P — P’ comes from an action of C; is trivial. For
other cases, we perform case analysis on P. We show only the main cases; the other
cases are similar or trivial.

e Case P = L;|Cy"™ | C{": In this case, we have one of the following conditions:

—l=l;and P' = L;|CJ0 | O
— =1, and P' =T, ;| CJ" | CT"
— =l and P' = E;; | Cy° | O™
—l=wand P =U|Cy"|CT™

- P vl o

Let Q' be U'|Cy° | C7" in the last case, and G | Cy° | C" in the other cases. Then,
we have Q LN Q' and (P, Q') € R as required.

o Case P = U|[Cy" |C{". In this case, P = U'|Cy" |C{". Thus, the required
result holds for Q' = U’ |Cy° | 7.

o Case P = U'|CJ|C™. In this case, Q = U'|C"|C}" and P’ = P. The
required result holds for Q' = Q.

O



We are ready to prove Theorem 4.4.

Proof of Theorem 4.4:

1. This has been proved in Lemma 4.11.
2. Suppose (0,0,0) s (L, mg,m1). Let R be:

Id
U {(lelz, lo]r) | o1 =m0}
U {(E,h ‘Cgbo ‘ C{n17Ti,k1 \Egm ‘671711)
| o] —M <], mo,m1>//\ M('/]) = Condiykth Am; = 0}
U (T | G501 CT L | Gy 1 O
| or =M (4, mo,ma) A M(j) = Cond, i, g, A, =my; — 1AM, _; = mi_;}
U {(Bise | G5 |CT Eigy | g |CT)
| or :?M <j7/m07m1> /\M(]) = Condi,khkz}
U (B | G0 1 G718 T | TG0 1TF)
| or = (4, mo,ma) AM(j) = Cond, i, g, A, =m; — 1AMy, =mi_;}

It suffices to show that R is a ready simulation up to <,euqy. Suppose (P, Q) is in
R. We can immediately obtain readies(P) = readies(Q) (note that if (P, Q) ¢ Id,
then readies(P) = readies(Q) = Acty).

Tt remains to show that P —— P’ implies that Q 4, Q" and P’ <,eady R <ready @
for some @'. We perform case analysis on (P,Q). The case where (P,Q) € Id

is trivial. In the other cases, if U is involved in the transition P Lop , then
P’ must be of the form U’ |Cj™ |C]". By Lemma 4.13, the result holds for

Q =U'|C,"|CY". Suppose that U is not involved in the transition P Lp

e Case where (P, Q) is in the second set. In this case, we have P = L; | C)™ | CT"
and Q = L; | Cy° | O™, with o7 =17 (j, mo,m1) and j # L. There are four
cases to consider.

— Case | = I1: In this case, M(j) = Inc; ), and P’ = Ly | C’g%’ \ C’Inll with

/

m, = m; + 1 and m}_, = mi_;. The required result holds for Q' =

Ly| Ty [T

— Case [ = [, In this case, M(j) = Cond,, x, and P’ = T;, | Cy™ | CT".
Let @ be Tiy, |Co° | O™ if m; = 0, and be L; |66n6 |6§n/1 where m) =
m; — 1 and m/_, = my_;. Then, the result follows.

— Case | = In this case, M(j) = Cond, 4, k, and P' =E;, |Cy™°|C™.
Let Q be E;, |Cy® | C™. Then, the result follows, since (P, Q') is in
the fifth set of R.

10



— Case | = lg;: In this case, P’ = L;| CS% |C’;nl1 with m, = m; — 1 and
m_ =my_;. Let Q' =G|Cy° | T, Then, Q — @ and P’ <,e0qy @'
Since Id € R and <;qqy is transitive, we have P’ <,eqay R <reqdy @ as
required.

e Case where (P, Q) is in the third set: In this case, we have P = T; 5, | Cy™ | CT™
and Q = Ti,kl ‘Ug’bo ’671711, With o] —M <j,m0,m1>, M(]) = COIldel,kQ,
and m; = 0. There are two cases to consider.

— Case | = ly,. In this case, P’ = Ly, | Cy" | C{"". The required result holds
for Q' =Ly, |Cy° |CT™.

— Case | = lg, ,. In this case, P' = Tj, |06né|0f1/1 with m, = 0 and
mh_;=mi_; — 1. Let Q' be G|y |C]". Then, the result follows.

e Case where (P, Q) is in the fourth set: In this case, we have P = T; , | C)™ | CT™
and Q = L, ]6816 ]UTE with M (j) = Cond, , k,, m;, =m; —1 and m}_; =
m1—;. | must be either ), or lz,. Let Q' be G| 6316 |671n/1. Then, the result
follows, since P’ <,¢q4y @' by Lemma 4.13.

e Case where (P, Q) is in the fifth set: In this case, we have:

P=E;;,|Cq°|C" Q=E,|Cq" [C"
or =>m (jymo,m1)  M(j) = Cond;, k,

There are two cases to consider.
— Case | =lg,: Then, P' = E; , |C’8n6 |C’1nl1 with m, =m; —1 and m}_; =
mi_;. The required result holds for Q' = Ly, | Cy™ | C7 .
— Case [ is lg,_, or lj;: The required result holds for Q' = G| Cy™ [ C{™.

e Case where (P, Q) is in the sixth set: In this case, we have:

P:Ei7k2|c(y]no|cinl Q:fk2’66n0|671n1
O =—M <j,m(), m1> M(J) = Condi,khkz
m, =m; — 1 my_, =mi_;

There are two cases to consider.
— Case [ = [},. In this case, P’ = Ly, | C’S% | C’In/l. The required result holds
for Q' = Ly, |6816 |671n/1.
— Casel = lq,. In this case, the required result holds for Q" = G | 6810 |

g
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